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We employ a recently developed quantization scheme for quasinormal modes (QNMs) to study a
nonperturbative open cavity-QED system consisting of a hybrid metal-dielectric resonator coupled
to a quantum emitter. This hybrid cavity system allows one to explore the complex coupling
between a low Q (quality factor) resonance and a high Q resonance, manifesting in a striking Fano
resonance, an effect that is not captured by traditional quantization schemes using normal modes or a
Jaynes-Cummings (JC) type model. The QNM quantization approach rigorously includes dissipative
coupling between the QNMs, and is supplemented with generalized input-output relations for the
output electric field operator for multiple modes in the system, and correlation functions outside
the system. The role of the dissipation-induced mode coupling is explored in the intermediate
coupling regime between the photons and emitter beyond the first rung of the JC dressed-state
ladder. Important differences in the quantum master equation and input-output relations between
the QNM quantum model and phenomenological dissipative JC models are found. In a second
step, numerical results for the Fock distributions and system as well as output correlation functions
obtained from the quantized QNM model for the hybrid structure are compared with results from
a phenomenological approach. We demonstrate explicitly how the quantized QNM model manifests
in multiphoton quantum correlations beyond what is predicted by the usual JC models.
I. INTRODUCTION
Quantum emitters coupled to photons/plasmons in
dissipative nanostructures, such as micropillars1–3, pho-
tonic crystal cavities4,5, dielectric microdiscs6 or metallic
nanoparticles7–10, constitute an important field in quan-
tum optics and quantum plasmonics. New classes of
nanophotonics structures exhibit enhanced light-matter
coupling suitable for studying a range of interesting phe-
nomena and applications, such as non-classical light gen-
eration11,12, spasing13–15 and quantum information pro-
cessing16,17. While the dielectric cavities have high qual-
ity factors with state-of-the-art values18 around Q ∼
105, metallic cavities are significantly more lossy (typ-
ically Q ∼ 10) due to Ohmic heating, but still pro-
vide comparable light-matter coupling regimes thanks to
the strong local field confinement below the diffraction
limit19. Other recent important lossy structures are hy-
brid metal-dielectric resonators, made from metals and
dielectric resonators20–23, which combine the attributes
of both resonator types and exhibit Fano interference ef-
fects between both systems.
For the theoretical description of quantum light-matter
interactions, bound photon states in such systems are of-
ten treated using “normal modes” with real eigenfrequen-
cies, typically using Jaynes-Cummings (JC) type mod-
els24,25. Additionally, since these structures are lossy,
dissipation is usually introduced into the model by phe-
nomenologically adding decay rates for the subsystems,
typically for the optical modes and quantum emitters26.
In contrast to this phenomenological approach, so-called
quasinormal modes27–31 (QNMs) with complex eigenfre-
quencies (including loss in the imaginary part), intrinsi-
cally describe the open/lossy system by solving Maxwell
equations with open boundary conditions. This approach
allows one to determine useful cavity properties such as
the radiative beta factors (quantum efficiencies), qual-
ity factors, and effective mode volumes32–37. With con-
tinued developments in computational electromagnetics,
the numerical solution of the Helmholtz equation to ob-
tain QNMs is becoming better unraveled and common
today33,36, but its subsequent quantization using QNMs
to retrieve well-known model systems, e.g., a microscop-
ically defined JC model is still highly nontrivial.
The lossy and non-Hermitian character of these open
systems prevents the use of a canonical quantization pro-
cedure for the discrete modes of interest (cf. Refs. 28,
38, and 39). Recently, a general quantization scheme
for three-dimensional absorptive and lossy media using
QNMs as the basis for the field expansion was pre-
sented40, based on a Green function quantization ap-
proach41,42. It was demonstrated that, for more than one
QNM, a coupling between the QNMs is induced by the
dissipation through proper quantization in the dissipative
system. The off-diagonal coupling is especially interest-
ing for mode interference effects in the above mentioned
hybrid structures, which is in the semi-classical model a
consequence of the complex-valued QNMs21, and leads
to highly non-Lorentzian line shapes. In fact, Franke et
al.40 demonstrated, in the single-photon limit (weak ex-
citation), that such an interference effect can only be re-
produced through the off-diagonal QNM coupling, when
starting from a quantized mode approach. This was fur-
ther confirmed in Ref. 43 for a Fano cavity, by a inde-
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2pendent method and calculation based on introducing a
phenomenological mode coupling in a two-mode master
equation.
Recently, the approach from Ref. 40 was applied to ac-
curately describe single-photon emission in a single-mode
metal resonator44 and was also used to model the pho-
tonic mode quantization for molecular optomechanics in
a hybrid metal-dielectric resonator22. In the first case,
a cavity output field expression for the single-QNM was
derived, which is the basis to determine correlation func-
tions and light statistics of the resonator-emitter system,
important to simulate experimental situation, such as the
Hong-Ou-Mandel45 or Hanbury-Brown-Twiss46 setups.
Importantly, the QNM quantization scheme allows one
to distinguish between radiative and non-radiative decay
processes, which both enter naturally into the formalism
through the same calculated QNMs. This separation is
essential to describe a realistic input-output formalism
in cases of absorptive lossy structures, where the output
is usually treated in the same way as for systems with
only radiative losses47–49. While in the single-mode case,
the results from a more phenomenological dissipative JC
model is modified by a loss-induced prefactor, which sep-
arates between radiative and non-radiative decay44, there
are additional changes in the multi-mode case due to off-
diagonal mode interaction, which may also effect the out-
put coupling. This may also effect the behavior of multi-
mode systems in higher rungs of the JC ladder, e.g., the
change of Poissionian to sub-Possionian light when cou-
pling a resonator-emitter system to another resonator,
which is often described with two uncoupled modes50,51.
In this paper, we study the nonlinear multiphoton
cavity-QED effects of a hybrid cavity structure contain-
ing a single quantum emitter, depicted in Fig. 1(a,b),
which consists of a metal ellipsoid dimer on top of a
photonic crystal beam. In contrast to the hybrid struc-
ture used in the Ref. 40, the resonator-TLS system in
Fig. 1(a,b) is in the intermediate coupling regime, where
the bad cavity approximation is no longer valid. There-
fore, processes on higher rungs, i.e., many photon effects,
in the anharmonic JC-model are more accessible and we
analyse the effects of the inter-mode coupling in this
multiphoton regime. To calculate measurable quantities,
such as the second-order correlation function, an expres-
sion for the electric field operator outside the resonator
for multiple QNMs is derived. A second main objective
of this work is to compare the results for the Hamilto-
nian and Liouvillian of the quantized QNM model with a
phenomenological dissipative two-mode JC model in the
few photon limit. The phenomenological model assumes
two uncoupled bosonic modes. It will be shown, that the
off-diagonal coupling present in the quantization of the
QNMs will induce drastic changes in the master equation
and density matrix simulations for higher rungs of the JC
ladder, which will further underline the importance of a
quantized QNM model.
The rest of our paper is organized as follows: In
Section II, we present the theoretical framework for
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FIG. 1. (a) Top view on the metal-dielectric hybrid structure,
consisting of a metallic dimer on top of a photonic crystal
beam. (b) Side view on the metallic dimer, supporting a
quantum dipole (z-polarized) in the middle of the gap. (c)
Schematic of the quantum subsystems: The photonic crystal-
like mode (violet) is coupled to the plasmonic-like cavity mode
(yellow) and the TLS (red) is coupled to both symmetrized
QNMs. d) Excitation and input-output scheme. The TLS is
driven by a cw-pump field with strength ΩL and decays with
a rate γSE, while the QNM subsystem is characterized by the
decay rates Γpl and Γpc, naturally entering the model through
the input fields Ainpl and A
in
pc, respectively (see text).
this paper. First, we summarize the phenomenological
Green function quantization approach for general spatial-
inhomogeneous and absorptive media; this includes a
coupling between the medium-assisted electromagnetic
field and an emitter. Second, the definition and main
aspects of the QNM approach will be revisited and clar-
ified. Third, we will briefly recapitulate the QNM quan-
tization from Ref. 40. Then, the equations of motion for
the QNM operators and input-output relation for multi-
ple QNMs in the system are derived, and, based on that
derivation, the QNM master equation with an additional
external pump term is presented. Last, we derive the
multi-mode output electric field operator to express the
output correlation function in terms of QNM operators.
In Section III, we present three-dimensional numer-
ical results for a metal-dielectric hybrid structure (see
Fig. 1(a)) using the two-mode phenomenological dissipa-
tive JC model and the rigorous QNM quantum master
equation. First, we show results for the Purcell factor
of the quantum emitter. Second, we analyse the system
properties, including the Fock distributions and popu-
lations. Third, we use the derived expressions of the
output electric field operators from Section II and show
results for the output photon correlation functions. In
Section IV, we will summarize our results and give an
outlook to future applications of the theory. We com-
plement the main part of this work with five appendices,
that contain a more throughout derivation of the QNM
input-output relations, details of the QNM parameters
3of the hybrid structure, a more detailed derivation of the
photon correlation functions, as well as discussions about
the response of the hybrid cavity to the external driving,
and the treatment of the frequency integrals in the case
of a few QNM expansion.
II. THEORY
A. Green function quantization approach
We start with the Hamiltonian H = Ha + HB + HI,
where Ha describes a two level system (TLS) with a tran-
sition frequency ωa, interacting with a electromagnetic
field in an absorptive and spatial-inhomogeneous media
using the quantization scheme from Refs. 41, 42, and 52.
The term HB contains the energy of the medium-assisted
electromagnetic field, and HI is a dipole-field interaction
Hamiltonian (in the rotating wave approximation). The
total Hamiltonian thus contains the following contribu-
tions:
Ha = ~ωaσ+σ−, (1)
HB = ~
∫
dr
∫ ∞
0
dω ω b†(r, ω) · b(r, ω), (2)
HI = −σ+
∫ ∞
0
dωda ·
{
Eˆ(ra, ω) +EL(ra, ω)
}
−H.a.,
(3)
where b(†)(r, ω) are annihilation (creation) operators act-
ing on the combined Hilbert space of the dissipative
medium and the electromagnetic field degrees of freedom,
represented by the spatial index r and frequency index
ω. The variable ω must be regarded as continuous mode
index, rather then a (temporal) Fourier variable. In fact,
in the Heisenberg picture the fundamental operators are
b(†)(r, ω, t), and the time evolution is governed by the
Heisenberg equation of motion with respect to H. We
further note, that b(†)(r, ω) fulfills canonical commuta-
tion relations. The terms σ± denote lowering and raising
operators of the TLS, describing a point-like emitter with
dipole moment da at the position ra.
The TLS interacts with an effective semi-classical exci-
tation field EL(ra, ω), which reflects a contribution of an
incident laser field at the quantum emitter position, that
is enhanced by the scattering structures in the dielectric
medium, and a medium-assisted quantized electromag-
netic field Eˆ(ra, ω), which obeys the quantized Helmholtz
equation
∇×∇× Eˆ(r, ω)−k20(r, ω)Eˆ(r, ω) = iωµ0 jˆN(r, ω), (4)
where k0 = ω/c, and (r, ω) = R(r, ω) + iI(r, ω)
is the dielectric permittivity. The noise current den-
sity jˆN(r, ω) = ω
√
~0I(r, ω)/pi b(r, ω) counteracts the
absorption, such that the commutation relations be-
tween the electromagnetic field operators is spatially pre-
served41,53,54. A formal solution of Eq. (4) is the source-
field expression
Eˆ(r, ω) = i
√
~
pi0
∫
dr′
√
I(r′, ω)G(r, r′, ω) · b(r′, ω),
(5)
where G(r, r′, ω) is the photon Green function, solving
the usual Helmholtz equation
∇×∇×G(r, r′, ω)−k20(r, ω)G(r, r′, ω) = k201δ(r− r′),
(6)
together with suitable boundary conditions. We empha-
size again, that the coupling between the total electric
field and the TLS is assumed to be below the so-called ul-
trastrong coupling regime55,56, i.e., |da · Eˆ(+)(ra)|  ~ωa
(where Eˆ(+)(ra) =
∫∞
0
dωEˆ(r, ω) + EL(ra, ω)), which is
consistent with our rotating wave approximation.
B. Quantized quasinormal mode approach
After presenting the quantized Maxwell theory for ab-
sorptive systems with a continuous set of modes, we now
briefly recapitulate the definition and properties of the
QNMs (discrete modes, with complex frequencies), and
the Green function expansion. We also discuss the reg-
ularized QNMs for expanding the quantized medium-
assisted electric field operator (outside the system).
The QNMs for open systems can be viewed in a sim-
ilar way as the normal modes for closed systems; the
QNM vector-valued functions f˜µ(r) are solutions to the
Helmholtz equation
∇×∇× f˜µ(r)−
ω˜2µ
c2
(r, ω˜µ)f˜µ(r) = 0, (7)
however, with open boundary conditions, e.g., the Silver-
Mu¨ller radiation conditions:57
r
r
×∇× f˜µ(r) −→ −inB ω˜µ
c
f˜µ(r), (8)
for |r| → ∞. Here, (r, ω˜µ) is the analytical continuation
of the permittivity into the complex plane, and we as-
sume in addition to the lossy media (r, ω) a background
region with homogeneous refractive index nB, in which
the resonator structure is embedded.
As a consequence of the open boundary conditions,
the QNM eigenfrequencies ω˜µ = ωµ − iγµ are complex
numbers with a negative imaginary part, i.e., γµ > 0.
In combination with the fact, that the corresponding
(classical) QNM electric fields are harmonic solutions
of the wave equation, i.e., E˜µ(r, t) ∝ f˜µ(r) exp(−iω˜µt),
this leads to a lossy character of these modes. More-
over, the QNM eigenfunctions behave in the far field as
f˜µ(r) ∝ exp(inBω˜µ|r|/c), and because of the complex
eigenvalues (with negative imaginary part) they spatially
diverge for far field positions. This leads to an nonphys-
ical behavior58 of the QNMs outside of the resonator,
but is, in fact, a property of any solution to a Helmholtz
equation for a lossy geometry with open boundary condi-
tions. In spite of this spatial divergence, when properly
4normalized32,34,59,60, the QNMs can be used to expand
the photonic Green function in the form32–34,59,61
Gff(r, r
′, ω) =
∑
µ
Aµ(ω)f˜µ(r)f˜µ(r
′), (9)
for positions r, r′ nearby (or within) the resonator and
where
Aµ(ω) =
ω
2(ω˜µ − ω) (10)
is the QNM Green function expansion coefficient.
We remark that there exist alternative forms of Aµ(ω),
which can be obtained by applying a sum rule of the
QNMs59, i.e., ∑
µ
f˜µ(r)f˜µ(r
′)
ω˜µ
= 0. (11)
In this way, one can find an equivalent form of Aµ(ω) in
Gff(r, r
′, ω), defined as
A˜µ(ω) =
ω2
2ω˜µ(ω˜µ − ω) . (12)
However, it was shown in Ref. 31, that, upon using a
Riesz projection technique, the latter form seems to lack
a pole contribution at ω = 0, which can lead to an un-
physical behaviour of the Green function, when it is not
complemented by additional contributions. In contrast,
the form in Eq. (10) is precisely the expansion coefficient
for the total (transverse) Green function, when more gen-
eral Green functions (including poles at ω = 0) are con-
sidered. Therefore, in the following, we will use the ar-
guably more general form in Eq. (10).
For positions, R, outside the resonator region, we re-
place f˜µ(R) with a regularized QNM F˜µ(R, ω) via the
Dyson equation40,62,
F˜µ(R, ω) =
∫
V
dr∆(r, ω)GB(R, r, ω) · f˜µ(r), (13)
where GB(R, r, ω) is the background Green function,
solving the Helmholtz equation (6) for (r, ω) = B(ω);
and ∆(r, ω) = (r, ω)− B(ω) is the permittivity differ-
ence, where B(ω) = n
2
B is the homogeneous permittivity
of the background region.
Alternatively, as shown in Ref. 63, one can approxi-
mate the expression in Eq. (13) with a near-field to far-
field transformation using the field equivalence princi-
ple64:
F˜µ(R, ω) =iωµ0
∮
S′
dAs′GB(R, s
′, ω) · JµS′(s′)
−
∮
S′
dAs′ [∇×GB(R, s′, ω)] · M˜µS′(s′),
(14)
where the terms
J˜µS′(s
′) = nˆ′ × h˜µ(s′), (15)
M˜µS′(s
′) = −nˆ′ × f˜µ(s′), (16)
are the sources on the boundary, and h˜µ(r
′) = ∇ ×
f˜µ(r
′)/(iω˜µµ0) is the magentic field of the associated
QNM µ and nˆ′ is the normal vector on the surface S ′. In
contrast to the regularized QNM in Eq. (13), the expres-
sion F˜µ(R, ω) obtained from the near field to far field
transformation, requires the QNM source quantities on a
surface S ′ surrounding the resonator region (for details,
cf. Ref. 63).
Using the Green function expansion in Eq. (9) with the
regularized QNMs, obtained either from the Dyson ap-
proach or the near field to far field transformation, gives
an approximated form of the photonic Green function
in terms of QNMs for positions inside and outside the
resonator. Using Eq. (5) together with Eq. (9) and the
regularization (either Eq. (13) or Eq. (14)), we can for-
mulate the total electric field Eˆ(r) =
∫∞
0
dωEˆ(r, ω)+H.a.
as40
Eˆ(r) = i
∑
µ
√
~ωµ
20
f˜µ(r)α˜µ + H.a., (17)
which explicitly expands in terms of the QNMs. Here,
r is the position in the resonator region, and we have
introduced the QNM operators:
α˜µ =
√
2
piωµ
∫ ∞
0
dωAµ(ω)
∫
dr
√
I(r, ω)f˜µ(r) · b(r, ω),
(18)
where f˜µ(r) is replaced by the regularized QNM F˜µ(r, ω)
for positions outside the resonator. These operators fulfill
non-bosonic commutation relations, i.e., [α˜µ, α˜
†
η] = Sµη,
where Sµη is a dissipation-induced coupling matrix be-
tween QNMs µ, η and has the form
Sµµ′ =
∫ ∞
0
dω
2Aµ(ω)A
∗
µ′(ω)
pi
√
ωµω′µ
(
Snradµµ′ (ω) + S
rad
µµ′(ω)
)
,
(19)
where
Snradµµ′ (ω) =
∫
V
drI(r, ω)f˜µ(r) · f˜∗µ′(r), (20)
describes nonradiative loss processes, i.e., Ohmic heating
into the lossy medium, and
Sradµµ′(ω) =
1
2ω0
∮
S
dAs
[
nˆs × H˜µ(s, ω)
]
· F˜∗µ′(s, ω)
+ H.c.(µ↔ µ′), (21)
accounts for the radiative loss, where H˜µ(s, ω) = ∇ ×
F˜µ(s, ω)/(iωµ0) is the regularized QNM magnetic field
and nˆ points outwards of S. Importantly, we have radia-
tive loss even if the material system is not lossy.
Numerically, we have verified that the radiative part
of S has to be chosen in the far field (i.e., at least half
a wavelength away from the resonator), in order to get
a convergent value of Sradµµ′ . This is clear, since otherwise
one gets near-field evanescent contributions that can even
be negative, and these are not associated with far field
5propagation decay. Therefore, by choosing S = S∞ as
a far field surface and applying Silver-Mu¨ller radiation
condition, we obtain the form
Sradµµ′(ω) =
nBc
ω
∮
S∞
dAsF˜µ(s, ω) · F˜∗µ′(s, ω). (22)
After applying a symmetrization orthogonalization
transformation40, we can rewrite the electric field opera-
tor from Eq. (17) in a symmetrized QNM basis,
Eˆ(r) = i
∑
µ
√
~ωµ
20
f˜sµ(r)aµ + H.a., (23)
with the symmetrized QNM functions,
f˜sµ(r) =
∑
ν
(S
1
2 )νµ
√
ων/ωµf˜ν(r), (24)
and aµ =
∑
η(S
−1/2)µηα˜η and a†µ are the annihilation
and creation operators for the symmetrized QNMs. As
a consequence of the symmetrization40, these operators
(aµ and a
†
µ) obey bosonic commutation relations and
can be used to describe Fock number states of mixed
photon/lossy medium excitations. These photon number
states are not eigenstates of the photon Hamilton opera-
tor, namely Eq. (2), since the photon number operators
do not commute with the Hamiltonian HB.
C. Multi quasinormal-mode master equation
Next, we provide a more detailed derivation of QNM
master equation, introduced in Ref. 40, also taking into
account the external laser field. Exploiting the general
quantized QNM theory developed in the last subsection,
we can determine the time evolution of the QNM annihi-
lation operator, aµ, with respect to the Hamiltonian H in
Eqs. (1)-(3). Using the Heisenberg equations of motion,
we derive within the Markov approximation (cf. App. A)
a˙µ=− i~ [aµ, Hsys]−
∑
η
χ(−)µη aη
−
√
2
∑
η
[(
χ(−)
)1/2]
µη
ainη , (25)
where we have defined Hsys = Hem+Ha+Hem-a+HL
as the effective system Hamiltonian in the sym-
metrized QNM basis, with Hem = ~χ(+)µη a†µaη and
Hem-a = ~
∑
µ g˜
s
µaµσ
+ + H.a., and we have in-
troduced the symmetrized QNM-TLS coupling con-
stant g˜sµ =
√
ωµ/(20~)da·f˜sµ(ra) and the coherent
mode-coupling term χ
(+)
µη = (χµη + χ
∗
ηµ)/2, where
χµη=
∑
ν(S
− 12 )µν ω˜ν
(
S
1
2 )νη. The pumping term, HL, ac-
counts for the interaction of the dipole with the external
laser field (cf. Eq. (3)).
Equation (25) has the form of a quantum Langevin
equation for coupled harmonic oscillators with two ad-
ditional terms: a damping contribution
∑
η χ
(−)
µη aη asso-
ciated with the QNM radiative and non-radiative decay
matrix χ
(−)
µη = i(χµη − χ∗ηµ)/2, and a noise input op-
erator ainµ =
∫∞
0
dωainµ (ω), (Eq. (A23)), representing a
quantum Langevin force counteracting the damping 65.
Indeed, the presence of ain preserves the equal-time com-
mutation relation [aµ(t), a
†
η(t)]=δµη.
We next derive the QNM master equation based on the
quantum Langevin equation in Eq. (25). We first assume
that the incident laser field reflects a cw excitation with a
detuning with respect to the TLS frequency ωa, i.e., such
that the effective classical scattered field, i.e., the inci-
dent laser field enhanced by the cavity structure, can be
approximated as EL(ra, ω, t) ≈ FL(ra)e−iωLt. We subse-
quently rewrite the dipole-laser interaction Hamiltonian
from HI of Eq. (3) as
HL = ~ΩL
(
e−iωLtσ+ + eiωLtσ−
)
, (26)
where ~ΩL = −da · FL(ra) is the Rabi frequency of the
enhanced classical laser field. It should be noted, that
although we choose here an effective driving of the quan-
tum emitter, there is an equivalence of cavity pumping
and quantum emitter pumping, in the sense that the cav-
ity driving leads to an effective quantum emitter driv-
ing via the cavity-exciton interaction66. Furthermore,
we treat the input operators as white noise, and assume
that the corresponding input state is the vacuum state,
i.e., there are initially zero quanta in the input states,
such that 〈ainµ (t)ain†η (t′)〉 = δµηδ(t−t′) and all other sec-
ond order correlation functions vanish67. In addition, we
assume that the eigenfrequencies of H˜sys are not degen-
erate67,68.
Applying the Ito-Stratonovich calculus67 to the
Heisenberg equation of motions of the symmetrized QNM
operators, and using the procedure from Ref. 40, we ob-
tain the master equation for the symmetrized QNMs and
TLS (in a rotating frame with respect to ωL):
∂tρ = − i~ [H
′
sys, ρ] + Lemρ+ LSEρ, (27)
where H ′sys = H
′
a + H
′
em + H
′
L + Hem−a is the effec-
tive system Hamiltonian (described after Eq. (25)) with
H ′em = ~
∑
µη(χ
(+)
µη − δµηωL)a†µaη, H ′a = ~∆aσ+σ−, and
H ′L = ~Ω(σ+ +σ−) in the rotating frame with the (laser)
detuned TLS frequency ∆a = ωa − ωL. We stress again,
that due to inter-mode coupling terms, the photon num-
ber operators Nµ = a
†
µaµ do not commute with the
Hamiltonian, as would be usually the case in a Fock space
without dissipation. The QNM Lindblad dissipator is de-
rived as
Lemρ =
∑
µ,η
χ(−)µη
[
2aηρa
†
µ − a†µaηρ− ρa†µaη
]
, (28)
also yielding an off-diagonal coupling via the decay ma-
trix χ
(−)
µη . We further added the Lindblad dissipator,
LSEρ = γSE
2
[
2σ−ρσ+ − σ+σ−ρ− ρσ+σ−] , (29)
6with the (background) spontaneous emission (SE) rate
γSE =
2
~0
da · [Im {GB(ra, ra, ωa)}] · da (30)
=
ω3anBd
2
3pi0~c3
, (31)
which accounts for non-cavity decay of the TLS. We high-
light that all mode related coupling parameters entering
the above QNM master equation are directly obtained
from the QNM calculations and quantum emitter prop-
erties without any form of phenomenological fitting. We
also note that, for convenience, we will refer to the quan-
tized QNM model as QNM-JC model, since the QNM
master equation from Eq. (27) can be viewed as a gener-
alized and rigorous dissipative JC model.
D. Diagonalization of the Lindblad dissipator
In this subsection, we apply a unitary transformation
to the QNM master equation, Eq. (27), to diagonalize
the decay matrix χ(−) (defined below Eq. (25)). This
will support the discussion of Section III, and will make
the role of off-diagonal QNM coupling more clear, as it
will be entirely encoded in the Hamiltonian part of the
master equation. Since χ(−) is a semi-positive definite
and Hermitian matrix, there exists a unitary transfor-
mation U(−), that diagonalizes χ(−), such that∑
ν,ν′
U (−)∗νµ χ
(−)
νν′U
(−)
ν′η ≡ Γµδµη, (32)
where Γµ are the eigenvalues of χ
(−). In the new basis,
the Lindblad dissipator Lem takes the diagonal form
Lemρ =
∑
µ
Γµ
(
2AµρA
†
µ −A†µAµρ− ρA†µAµ
)
, (33)
where A
(†)
µ are QNM annihilation (creation) operator in
the diagonalized dissipator frame with
Aµ =
∑
η
U (−)∗ηµ aη. (34)
Since U
(−)
µη is unitary, the bosonic commutation rela-
tions of the QMN operators are preserved. The effective
system Hamiltonian in the diagonalized basis reads
H ′sys =~
∑
µ
∆µA
†
µAµ + ~
∑
µ 6=η
gµηemA
†
µAη
+
[
~
∑
µ
gµAµσ
+ + H.a.
]
+Ha +HL, (35)
with ∆µ = Ωµ−ωL, and the coupling constants transform
as
χ(+)µη →
∑
ν,ν′
U (−)∗νµ χ
(+)
νν′U
(−)
ν′η ≡ χ˜(+)µη , (36)
g˜sµ →
∑
ν
g˜sνU
(−)
νµ ≡ gµ. (37)
In Eq. (35), we have defined gµηem ≡ χ˜(+)µη for µ 6= η
as the photon-photon coupling constant between QNM
µ and η, and Ωµ ≡ χ˜(+)µµ as the bare mode frequencies in
the diagonalized and symmetrized picture. We note that
χ˜(+) has the same eigenvalues as χ(+), i.e., the eigenen-
ergies of the full photon Hamiltonian are not changed
by the unitary transformation. Furthermore, the photon
number operators Nµ = A
†
µAµ do also not commute with
the Hamiltonian in the diagonalized frame.
E. Input-output relations and output electric field
operator
Here, we derive the output electric field operator in the
far field region and the input-output relations for multi-
ple QNM operators (in the Heisenberg picture). First, we
write down the time-reversed quantum Langevin equa-
tion of Eq. (25):
a˙µ=− i~ [aµ, Hsys] +
∑
η
χ(−)µη aη
−
√
2
∑
η
[(
χ(−)
)1/2]
µη
aoutη , (38)
where aoutµ =
∫∞
0
dωaoutµ (ω) is the output operator, which
is explicitly given in App. A, Eq. (A27). Next, we sub-
tract Eq. (38) from Eq. (25) and multiply from the left
with
(
χ(−)
)−1/2
to obtain the input-output relations,
aoutµ − ainµ =
√
2
∑
η
[(
χ(−)
)1/2]
µη
aη. (39)
We remark that as a consequence of the dissipation-
induced coupling, the output and input of a symmetrized
QNM µ is related to a linear combination of all QNM op-
erators, which is in contrast to the standard input-output
relation67, where the input and output channel is con-
nected via a single system operator. In the diagonalized
basis, using Aµ instead of aµ, we obtain the (diagonal-
ized) input-output relations:
Aoutµ −Ainµ =
√
2ΓµAµ. (40)
One can also formulate input-output relations in ω-space
of the forms
aoutµ (ω)− ainµ (ω) =
√
2
∑
η
[(
χ(−)
)1/2]
µη
aη(ω), (41)
Aoutµ (ω)−Ainµ (ω) =
√
2ΓµAµ(ω), (42)
where, obviously, one obtains the ω-independent rela-
7tions by integrating over all ω on both sides, respectively.
These input-output relations will be used in the following
to formulate the output electric field operator, which is
important for simulations involving correlation functions
at a outside detector.
We start with the full (positive-rotating) electric field
operator Eˆ(+)(R, t) =
∫∞
0
dωEˆ(R, ω, t) at a position R
outside the resonator from the source-field expression
from Eq. (5) using the QNM Green function together
with the field regularization (Eq. (13),(14)):
Eˆ(+)(R, t) =i
∑
µ
√
~ωµ
20
∫ ∞
0
dωF˜sµ(R, ω)aµ(ω, t), (43)
where
F˜sµ(R, ω) =
∑
η
F˜η(R, ω)
(
S1/2
)
ηµ
√
ωη
ωµ
(44)
is a regularized QNM (Eq. (13),(14)) in the symmetrized
basis, and aµ(ω, t) is implicitly defined via aµ(t) =∫∞
0
dωaµ(ω, t).
Subsequently, we rewrite Eˆ(+)(R, t) from Eq. (43) as
Eˆ(+)(R, t) =i
∑
µ,η
√
~ωµ
20
∫ ∞
0
dωFsµ(R, ω) (45)
×
√
2
[(
χ(−)
)1/2]
µη
aη(ω, t), (46)
with
Fsµ(R, ω) =
∑
η
Fsη(R, ω)
[(
χ(−)
)−1/2]
ηµ
√
ωη
2ωµ
. (47)
Now we can use the input-output relations from
Eq. (41), to obtain the representation Eˆ(+)(R) =
Eˆ
(+)
out (R)− Eˆ(+)in (R), where
Eˆ
(+)
out/in(R, t) = i
∑
µ
√
~ωµ
20
∫ ∞
0
dωFsµ(R, ω)a
out/in
µ (ω, t),
(48)
are the (cavity) output and input electric field operators.
Equation (48) yields a general expression for the QNM
output/input field for the multi-QNM case. In the fol-
lowing, we concentrate on positions R in the far field,
i.e. |R|  max(λµ), to obtain an approximated form
of the output/input fields for numerical calculations in
Section III, that connects to the ω-independent QNM
system operators aµ. Since F˜µ(R, ω) is proportional to
the background Green function GB(R, r, ω), where r is
either located in the resonator volume (Eq. (13)) or at
the resonator boundary (Eq. (14)), i.e., |R|  |r|, we can
approximate the regularized function as
F˜µ(R, ω) ≈ Z˜µ(R, ω)einBω|R|/c, (49)
where Z˜µ(R, ω) for the Ansatz in Eq. (14), is given as
Z˜µ(R, ω) = iωµ0
1
4pi|R|
∮
S′
dS′e−inBωRˆ·s
′/c
×
[
J˜µ(s
′)−
(
J˜µ(s
′) · Rˆ
)
Rˆ− nBc0Rˆ× M˜µ(s′)
]
,
(50)
and Rˆ = R/|R| is the unit vector in the direction of R.
Inserting Eq. (49) into the output/input electric field
operator from Eq. (48), yields
Eˆ
(+)
out/in(R, t) ≈i
∑
µ
√
~ωµ
20
∫ ∞
0
dωZsµ(R, ω)
× einBω|R|/caout/inµ (ω, t), (51)
where Zsµ(R, ω) is implicitly defined via Eq. (47) to-
gether with Eq. (49) and (50). Using the definition of
a
out/in
µ (ω, t) (Eq. (A23) and Eq. (A27)), it follows that
einBω|R|/caout/inµ (ω, t) = a
out/in
µ (ω, t − nB|R|/c). Since
Zsµ(R, ω) varies slowly with respect to ω around the
QNM frequency ωµ, we apply a resonance approxima-
tion to obtain the final expression for the output field
operator:
Eˆ
(+)
out/in(R, t) ≈ i
∑
µ
√
~ωµ
20
Zsµ(R)a
out/in
µ (t− nB|R|/c),
(52)
where we used again a
out/in
µ =
∫∞
0
dωaoutµ (ω). In the
diagonalized basis, the output/input field reads
Eˆ
(+)
out/in(R, t) = i
∑
µ
√
~ωµ
20
ZsUµ (R)A
out
µ (t− nB|R|/c),
(53)
with
ZsUµ (R) =
∑
η,η′
Z˜η(R, ωη)
(
S1/2
)
ηη′
U
(−)
µη′
√
ωη
2ωµΓµ
. (54)
Using the ω-independent input-output relations from
Eq. (39) or Eq. (40), we can connect the output field to
the system QNM operators aµ or Aµ. In particular, the
output electric field operator at position R and time t is
then a linear combination of far-field regularized QNMs
Zsµ(R)(Z
sU
µ (R)) and QNM system operators aµ(Aµ) as
well as QNM input operators ainµ (A
in
µ ) at time t−nB|R|/c.
The introduction of the above output electric field oper-
ators (Eq. (52) and (53)) allows one to calculate, e.g.,
second-order photon correlation functions.
III. APPLICATIONS TO COUPLED OPEN
RESONATORS
In this Section, we will apply the theory from Section II
to a two-QNM, multiphoton system, using first principle
calculations for a specific open cavity structure. A typi-
8cal system to study in terms of two dominant but differ-
ent QNMs are metal-dielectric hybrid structures, where
one mode is photon dominated and one is plasmon domi-
nated21,47,69, but with a sufficiently different quality fac-
tor.
We will focus on the hybrid structure depicted in
Fig. 1, which shows two fundamental QNMs in the op-
tical frequency regime. In particular, we will discuss
differences between a phenomenological dissipative JC
model and the QNM-JC model with respect to density
matrix equations results of the hybrid structure. In sub-
section III A, we will discuss the Hamiltonian and the
dissipator of the master equations on a formal basis. Af-
terwards, both models (phenomenological dissipative JC
and QNM-JC) will be compared in the weak photon-
emitter coupling regime in subsection III B, and sub-
sequently in the intermediate emitter-photon coupling
regime in subsections III C and III D.
A. Two-mode master equations, hybrid cavity and
TLS parameters
We start with the formulation of the master equation
for the hybrid structure, e.g., as shown in Fig. 1. All in-
put QNM and TLS parameters used for numerical evalu-
ation can be found on the fourth row of Tab. I. A more de-
tailed description of the QNM input parameters is given
in App. B.
For the two-mode hybrid case, we rewrite the Hamilto-
nian for the QNM-JC modelH ′QNMsys ≡ H ′sys from Eq. (35)
with µ = {pc,pl} as
H ′QNMsys =~∆plA
†
plApl + ~∆pcA
†
pcApc + ~∆aσ+σ−
+ ~
[
gplσ
+Apl + gpcσ
+Apc + H.a.
]
+H ′L
+ ~
[
gemA
†
plApc + H.a.
]
, (55)
where A
(†)
pl is the annihilation (creation) operator for the
plasmon-like mode and A
(†)
pc is the annihilation (creation)
operator for the PC-like mode in the diagonalized dissi-
pator picture, as illustrated in Fig. 1 (c-d).
In this basis, ∆pl(pc) = Ωpl(pc) − ωL is the detuned
plasmon-like (PC-like) frequency; gpl and gpc are the
coupling constants of the plasmon and PC mode to the
TLS, respectively. To simplify the notation, we have set
gpl,pcem = gem as the plasmon-PC mode coupling constant.
The Lindblad dissipator is then
LQNMdiss ρ = ΓplD[Apl]ρ+ ΓpcD[Apc]ρ+ LSEρ, (56)
with
D[A]ρ = 2AρA† −A†Aρ− ρA†A, (57)
and where Γpl(pc) is the diagonalized decay rate of the
PC-like (plasmon-like) QNM, defined implicitly from
Eq. (32).
In contrast, a phenomenological dissipative JC model
assuming [α˜µ, α˜
†
η] = δµη for µ, η = 1, 2 is represented by
TABLE I. Computed mode frequencies Ωpl/pc (ωpl/pc), de-
cay rates Γpl/pc (γpl/pc), photon-emitter coupling constants
gpl/pc (g˜pl/pc), as well as photon-photon coupling constants
gem (g˜em) for the hybrid in Fig. 1 using the QNM-JC (phe-
nomenological dissipative JC) model.
QNM-JC model JC model
~Ωpl [eV] 1.6988 ~ωpl [eV] 1.6999
~Ωpc [eV] 1.6063 ~ωpc [eV] 1.6052
~Γpl [meV] 48.5 ~γpl [meV] 47.9
~Γpc [meV] 0.1 ~γpc [meV] 0.7
i~gpl [meV] 45.7− 0.9i i~g˜pl [meV] 46.5− 1.2i
i~gpc [meV] 0.7 + 0.6i i~g˜pc [meV] 5.3 + 2.4i
~gem [meV] −11.6 + 7.3i ~g˜em 0
the Hamiltonian
H˜ ′JCsys =~∆˜plα˜
†
plα˜pl + ~∆˜pcα˜
†
pcα˜pc + ~∆aσ+σ−
+ ~
[
g˜plσ
+α˜pl + g˜pcσ
+α˜pc + H.a.
]
+H ′L, (58)
with g˜pl(pc) = −i
√
ωpl(pc)/(2~0)da · f˜pl(pc)(ra) using the
untransformed QNM fields of the hybrid and ∆˜pl(pc) =
ωpl(pc) − ωL. The Lindblad dissipator reads
L˜JCdissρ = γplD[α˜pl]ρ+ γpcD[α˜pc]ρ+ LSEρ, (59)
and we note that ωµ− iγµ (µ = {pl,pc}) are the real and
imaginary part of the original, individual hybrid QNM
eigenfrequencies, respectively. We emphasize that the
Lindblad dissipator LSEρ associated to the vacuum spon-
taneous emission rate γSE of the TLS is the same in both
models.
The corresponding master equations are given by
∂tρ = − i~ [H
′QNM
sys , ρ] + LQNMdiss ρ, (60)
or
∂tρ = − i~ [H˜
′JC
sys , ρ] + L˜JCdissρ, (61)
for the QNM-JC model and phenomenological dissipative
JC model, respectively.
Next, to specify the differences between both mas-
ter equations, namely Eqs. (60,61), we compare the oc-
curring coupling parameters in the two different master
equations for the same hybrid structure, which are sum-
marized in Tab. I. We see that the overall behaviour of
the dominating plasmon-mode related quantities are very
similar before (phenomenological dissipative JC model)
and after symmetrization and diagonalization (QNM-JC
model). However, some of the PC-mode related parame-
ters change drastically, as described below:
(i) Dissipation.—The effective width Γpc of the sym-
metrized PC-QNM is around one order of magnitude
smaller compared to the original PC width γpc. This
is a consequence of the structure of the decay matrix
χ(−)(cf. the text surrounding Eq. (25)), since its elements
are linear combination of the original complex eigenfre-
9quencies ω˜µ. Indeed, for two modes, the exact decay
eigenvalues Γpl/pc for the plasmon mode and the PC
mode are
Γpl/pc =
tr
(
χ(−)
)
2
±
√[
tr
(
χ(−)
)]2
4
− det (χ(−)) , (62)
and, using the properties of the trace and the determi-
nant,
Γpl/pc =
γpl
[
1±√1 +R]
2
+
γpc
[
1∓√1 +R]
2
. (63)
Here, R is defined through
R =
|Spl,pc|2|(ω˜pl − ω˜∗pc)|2 − 4Spl,plSpc,pcγplγpc
det [S] (γpl − γpc)2 , (64)
which is a dissipation-induced correction factor to the
initial phenomenological damping.
The analytic form of the eigenvalues in Eq. (63) has
an interesting implication: if γpl and γpc are very differ-
ent from each other, e.g., γpl  γpc, then the plasmon-
related eigenvalue Γpl is only slightly shifted compared
to γpl, since the correction by the term involving γpc is
very small. In contrast, Γpc is mainly influenced by the
correction term corresponding to γpl. On the other hand,
when γpc ∼ γpl ≡ γ, then we find, as a first estimate (for
a very small difference below 10%),
Γpl/pc ≈ γ ± |Spl,pc| ωpl − ωpc
2
√
det (S)
. (65)
Thus there is a symmetric splitting of γ, which depends
on the detuning of both modes and the mode overlap
|Spl,pc|. Strictly speaking, Eq. (65) is exact for degener-
ate QNM imaginary parts γpl = γpc, which is a technical
interesting case, since it appears, e.g., in Fabry-Prot cav-
ities.
In the example of Fig. 1, the former case γpl  γpc
applies, which explains why the effective PC-mode decay
rate Γpc is significantly shifted from γpc (cf. Tab. I). It
should be noted that these rate changes are also present
in the full eigenvalues of the Liouvillians, which will be
important for the response of the hybrid to an external
optical field, as we will discuss later.
(ii) QNM-TLS coupling. —Another interesting obser-
vation is that the PC-TLS coupling constant gpc in the
QNM JC-model (Eq. (55)) is also nearly one order mag-
nitude lower compared to the phenomenological dissi-
pative JC parameter g˜pc (Eq. (58)), using the original
PC-mode eigenfunction f˜µ; this is because gpc is formed
by a linear combination of g˜pc and g˜pl, which also de-
viate by one order of magnitude to each other. Inter-
estingly, since the effective PC decay rate changes by a
similar amount, both parameter sets indicate the inter-
mediate coupling regime of the photons and emitter, i.e.,
|gpc|/(2Γpc) ≈ |g˜pc|/(2γpc) ≈ 4 in the QNM-JC model
as well as in the phenomenological dissipative JC model
(cf. Eq. (55) and (58)).
To summarize this subsection, there are two key
changes that occur by comparing the two master equa-
tions, Eq. (60),(61). We first recognize modifications of
the mode and coupling parameters (mainly PC mode) due
to symmetrization and diagonalization of the QNM an-
nihilation and creation operators, and second, there are
additional contributions in the Hamiltonian due to the
presence of the photon-photon interaction part with the
coupling constant gem (Eq. (55)).
The impact of these key changes, which results from
a proper treatment of the QNM quantization (with real
losses), will be shown below by explicitly comparing the
phenomenological dissipative JC and QNM master equa-
tion simulations. First, in subsection III B, we inspect the
weak light-electron coupling regime, where we apply the
bad cavity limit as in Ref. 40 (but for a completely dif-
ferent hybrid structure), and adiabatically eliminate the
cavity modes from the master equations, Eqs. (60),(61).
In this limit, we compare the cavity-enhanced sponta-
neous emission of the quantum emitter obtained from the
QNM-JC model, the phenomenological dissipative JC-
model and an independent semi-classical solution. Sub-
sequently, in subsection III C and III D, we analyse the
multiphoton regime in the intermediate to strong light-
electron coupling regime, where the bad cavity approx-
imations are not valid anymore. Thus, we will use the
full master equations, Eqs. (60),(61). The numerical re-
sults of the master equations were calculated using the
library Quantum Toolbox in Python70 (QuTiP) and we
note again, that all parameters, which enter the master
equations are summarized in Tab. I.
B. Weak light-exciton coupling regime: Purcell
factors and radiative β factors
In a first step, we compare the QNM-JC model and the
phenomenological dissipative JC model in the weak cou-
pling limit, i.e., we reduce the QNM-emitter constants by
choosing a small dipole moment of the TLS and leaving
the mode parameters unchanged. In the weak coupling
limit, we adiabatically eliminate both modes from the
master equations, Eq. (60-61) (as in Ref. 40) to obtain
the master equations in the bad cavity limit71,
∂tρ
QNM
a =−
i
~
[
H ′a +H
′
L, ρ
QNM
a
]
(66)
+
γSE
2
D[σ−]ρQNMa +
Γ
2
D[σ−]ρQNMa , (67)
and
∂tρ˜
JC
a =−
i
~
[
H ′a +H
′
L, ρ˜
JC
a
]
(68)
+
γSE
2
D[σ−]ρ˜JCa +
Γ˜
2
D[σ−]ρ˜JCa , (69)
for the QNM-JC model and phenomenological dissipative
JC model, respectively. Here, Γ and Γ˜ are the cavity
enhanced spontaneous emission rates of the TLS, defined
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FIG. 2. Classical Purcell factors (first and second row) and
classical radiative β-factors (third and fourth row) from an
embedded dipole emitter in the metal-dielectric hybrid struc-
ture from Fig. 1 with gap size of 2 nm and 5 mn, ob-
tained from full Maxwell simulations over a frequency regime
covering both hybrid resonances (left) with a zoom-in close
to the high-Q resonance (right). Note that for the 5 nm
(2nm) gap case, the numerical calculations were done for 81
(93) non-equidistant frequency points in the interval ~ω ∈
[1.55, 1.95] eV, and that the corresponding F nump and β
rad
class
values are linearly interpolated. Also note that the maximum
Purcell factor of the 2 nm gap hybrid is one order of magni-
tude higher compared to the 5 nm gap hybrid. The value of
βradclass for the 2 nm gap has additional peaks for frequencies
towards the low-Q mode, which likely come from non-modal
quasi-static coupling and a constant background term with
higher order modes, whose influence reduces with decreasing
gap size. For all simulations, the classical dipole is at the gap
center of the dimer and is z-polarized.
through40
Γ =
∑
µ,η=pc,pl
Sµη g˜µg˜
∗
η
i(ωµ − ωη) + γµ + γη
(∆µa − iγµ)(∆ηa + iγη) , (70)
and
Γ˜ =
∑
µ=pc,pl
2|g˜µ|2γµ
∆2µa + γ
2
µ
, (71)
where ∆µa = ωµ − ωa is the QNM-TLS detuning.
We stress again that both models use the same original
QNM parameter (ωµ, γµ, g˜µ). From the above equations,
we clearly see, that in the limit S→ 1, i.e., when there is
vanishing radiative and non-radiative QNM overlap (cf.
Eq. (19)), Γ˜ and Γ coincide. However, we should note
here, that this is really only the case, when γµ → 0,
which in a sense contradicts with the assumptions of a
phenomenological dissipative JC model for finite loss.
Comparing the QNM-JC model and the phenomeno-
logical dissipative JC model with respect to the bad
cavity limit master equations (Eqs. (67),(69)), we see
that the differences can be summarized as additional off-
diagonal terms in the QNM-JC cavity-enhanced sponta-
neous emission rate Γ of the TLS, Eq. (70). In contrast,
in the full master equations (Eqs. (60),(61)), the differ-
ences of both models is not only present in the coupling
constants, but also off-diagonal coupling between the dif-
ferent mode operator appear in the QNM-JC model.
For a demonstration of the influence of the QNM cou-
pling terms in Eq. (70), we calculate the Purcell factor
FP = Γ/γSE and F˜P = Γ˜/γSE (cf. Eq. (31)) as a func-
tion of the TLS frequency assuming the approximative
bad cavity limit40, for the QNM master equation and the
two-mode phenomenological dissipative JC master equa-
tion. To estimate the quality of the Purcell factor results
and the underlying models in the bad cavity limit, we
compare these results with a (independent) semi-classical
Maxwell simulation.
However, before comparing the two different quantum
models and semi-classical model for the specific hybrid
in Fig. 1, we first discuss the choice for the design of the
hybrid structure using results obtained solely from the
full Maxwell simulations. To do so, we compare the hy-
brid design from Fig. 1 with a gap of ellipsoidal dimer of
2 nm and 5 nm with respect to the Purcell factor and ra-
diative β-factor in Fig. 2. There are two main differences
between both cases: First, as shown in Figure 2 (first and
second row), the maximum Purcell factor of the hybrid
structure with 2 nm gap is roughly one order of magni-
tude higher compared to the 5 nm gap hybrid. Second,
the β-factor (cf. Fig. 2 (third and fourth row)) shows
a constantly increasing contribution with additional res-
onances for frequencies towards the low-Q hybrid reso-
nance for the 2 nm gap case, which are caused by effects
beyond the two hybrid resonance description. Therefore,
we have chosen an extreme case for the hybrid design for
the quantum simulations, in that the gap between the
two metallic ellipsoids is only 2 nm (cf. Fig 1). In such a
small gap regime, one expects additional effects beyond
the main two modes, and also the numerical calculations
of the total beta factor are more difficult (cf. App. B).
We choose such an extreme case, since it is more interest-
ing for cavity-QED and emerging experiments20,72, since
it allows one to reach the intermediate to strong coupling
regime for realistic dipole strengths of the TLS, because
of the large Purcell factor.
After having discussed the choice for the hybrid de-
sign in Fig. 1, we next compare the Purcell factors for
the QNM-JC model and phenomenological dissipative JC
model with respect to the semi-classical Maxwell solu-
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FIG. 3. Purcell factor of a z-polarized dipole emitter in the
metal-dielectric hybrid structure from Fig. 1, shown over a
broad frequency range from full dipole simulations (dots), the
two-mode QNM-JC model (solid magenta line) and the phe-
nomenological dissipative JC model (dashed green line). Two
peaks appear around the hybridized QNM frequencies ~ω˜pl =
1.6999−0.0479i (eV) and ~ω˜pc = 1.6052−0.0007i (eV), orig-
inating from the metallic ellipsoidal dimer and the photonic-
crystal beam, respectively. The highly non-Lorentz interfer-
ence effect (dip in Fp) is located near one of the eigenfrequen-
cies, 
(pc)
em , of the full electromagnetic Hamiltonian Hem of the
QNM-JC model and is fully recaptured by the inter-mode
coupling terms.
tion. As shown in Fig. 3 the QNM master equation re-
sult is in very good agreement with the full but semi-
classical Maxwell simulations and reproduces the pro-
nounced Fano effect near the original PC-like mode fre-
quency ωpc. Notably, the peak of the Purcell enhance-
ment of the PC-like cavity mode is located at the eigen-
value 
(pc)
em of the electromagnetic part of the Hamilto-
nian Hem, in agreement with the derivation for the hy-
brid structure in Ref. 40. While the Purcell factor ob-
tained from the phenomenological dissipative JC-model
is in good agreement with the full Maxwell solution near
the plasmonic-like mode frequency ωpl, it fails in the fre-
quency regime where interference occurs. This is caused
by the missing inter-mode coupling terms in the phe-
nomenological dissipative JC model40 (Eq. (71)), which
is present in the QNM-JC model. It should be noted, that
S22 was decreased from 1 to 0.77 in the phenomenological
model to at least match the height of the phenomenolog-
ical dissipative JC result at the PC peak. This leads
to a slightly modified PC-TLS coupling constant for the
phenomenological dissipative JC model of g˜2 →
√
0.77g˜2,
but all other parameters are identical.
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FIG. 4. Quantum modal β-factors of the metal-dielectric hy-
brid structure from Fig. 1, shown over a broad frequency
range for the two-mode quantum QNM model (solid ma-
genta line, Eq. (72)) and the phenomenological dissipative JC
model (green dashed line with β ≈ 0.14). Note, that for the
JC-model, a phenomenological introduced constant is shown,
which mimics the behaviour of the radiative output at TLS
frequencies around ωpc with respect to the classical β
rad
class so-
lution from Fig. 2. The inset shows a zoom-in around the
PC-like mode frequency ~ωpc = 1.6052 (eV). In the QNM-
JC model, a peak close to the PC-like mode with frequency
ωpc appears, which is located at the position of the highly
non-Lorentz interference effect (dip in Fp) from Fig. 3.
Next, we discuss discuss the difference between the
QNM-JC model and the phenomenological dissipative JC
model in terms of (modal) β-factors. For the QNM-JC
model, we define the β-factor as βradQNM = Γ
rad/Γ with
Γrad =
∑
µ,η=pc,pl
Sradµη g˜µg˜
∗
η
i(ωµ − ωη) + γµ + γη
(∆µa − iγµ)(∆ηa + iγη) . (72)
As one can see from Fig. 4, βradQNM reproduces the over-
all shape of the full Maxwell solution from Fig. 2 (third
row) through the presence of Sradµη and S
nrad
µη . In contrast,
in a phenomenological dissipative JC model, it is not
clear at all how to separate radiative and non-radiative
contribution, and this model is not even able to predict
a frequency-dependent modal β-factor: While adding a
constant β-factor phenomenologically can yield appropri-
ate results in the single-mode limit, this is non-trivial for
more then one mode, as is shown by the (green dashed)
line in Fig. 4, since off-diagonal effects between the modes
can alter the output behaviour.
C. Intermediate light-exciton coupling: quantized
system properties
Next, we turn to the case of the intermediate QNM-
emitter coupling regime; this regime is realized by the
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parameters shown in Tab. I (Γpc/pl ∼ gpc/pl and γpc/pl ∼
g˜pc/pl), where we use the full master equation (Eq. (60-
61)) beyond the bad cavity limit (Γpc/pl  gpc,pl and
γpc/pl  g˜pc,pl). For the following calculations, we choose
the TLS frequency resonant to the PC-like eigenfre-
quency of both photon Hamiltonians (HQNMem and H˜
JC
em),
i.e., ~ωa = (pc)em . In the phenomenological dissipative JC
model, the PC-like eigenfrequency of H˜JCem is simply the
PC mode frequency itself, i.e. 
(pc)
em = ωpc. In contrast,
in the QNM-JC model, the PC-related eigenfrequency of
HQNMem is slightly red shifted compared to ωpc (cf. Fig 3)
and which we chose as the TLS frequency in the QNM-JC
model.
1. Eigenenergies and eigenstates
To provide the essential background for the interpre-
tation of our full master equation results, we first discuss
the eigenenergies and eigenstates of the coupled TLS-
QNM system with respect to the QNM-JC model and
the phenomenological, dissipative JC model without an
external pump, i.e., we set Ω = 0 in the Hamiltonians,
Eq. (55) and (58). Note that the respective Hamiltoni-
ans without external pump are denoted as HQNMsys , H
JC
sys.
To obtain a formal inside into the eigenstates of HQNMsys
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FIG. 5. Absolute square of the basis coefficients ciNkpc,kpl,l for
the one- and two-excitation manifold (N = 1, 2) with the TLS
frequency ωa = 
(2)
em aligned with the eigenvalue of the electro-
magnetic Hamiltonian Hem close to the PC frequency. The
solid (QNM-JC model) and dashed (phenomenological dissi-
pative JC model) bars reflect the contribution of the (bare)
eigenstates |kpl, kpc, l〉 of the uncoupled photon-exciton sys-
tem to the eigenstates |ϕN,iN 〉 of the actual coupled photon-
exciton system. The eigenstates of the coupled system are
similar to the respective bare states, since the coupling con-
stants indicate the intermediate coupling regime (cf. Tab. I).
(HJCsys), we recall the bare state basis, in which the density
operator is expanded, i.e. |kpl, kpc, l〉 for the QNM-JC
model and |k˜pl, k˜pc, l〉 for the phenomenological dissipa-
tive JC model. Here, |kpl〉(|k˜pl〉) represents the number
state of the plasmon-like mode, |kpc〉(|k˜pc〉) is the number
state of the PC-like mode and l = g, e denotes the state of
the TLS in the QNM-JC (phenomenological dissipative
JC) model.
These bare states are eigenstates of the photon number
operators nˆpl = A
†
plApl (
ˆ˜npl = α˜
†
plα˜pl), nˆpc = A
†
pcApc
(ˆ˜npc = α˜
†
pcα˜pc) and the TLS number operator nˆa =
σ+σ− (corresponding to the occupation of the upper
level |e〉) with non-degenerate eigenvalues, respectively.
However, they are not eigenstates of the Hamiltonians
HQNMsys (H
JC
sys), since the subsystems are coupled. The
total number operator, e.g. for the QNM-JC model,
Nˆ = nˆpl + nˆpc + nˆa constitutes of the 2N+1-dimensional
eigenspace
{|φN 〉} = span
{|kpl, kpc, l〉δN,kpl+kpc+l} . (73)
Since the total number operator commutes with the
system Hamiltonians without external pumping, i.e.
[Nˆ ,HQNMsys ] = 0, there exists a common eigenbasis of Nˆ
and HQNMsys . However, since the degeneracy of the eigen-
values of HQNMsys is generally different compared to Nˆ , the
eigenbasis formed by the eigenspaces from Eq. (73) is not
necessarily a eigenbasis of HQNMsys . A common eigenba-
sis with eigenstates |ϕN,iN 〉, where iN = 1, . . . 2N + 1,
can be defined as a linear combination of basis ele-
ments |φN,iN 〉 of the eigenspaces from Eq. (73) with
respect to iN . Without loss of generality, we choose
|kpl, kpc, l; jN 〉δN,kpc+kpl+l with jN = 1, . . . 2N + 1 as the
basis set of {|φN 〉} to construct the states
|ϕN,iN 〉 =
∑
jN
ciNjN |kpl, kpc, l; jN 〉δN,kpc+kpl+l, (74)
for the N -th rung in the QNM-JC ladder (and formally
equal for the phenomenological dissipative JC model).
The states |ϕN,iN 〉 are solutions to the eigenvalue prob-
lem
HQNMsys |ϕN,iN 〉 = EN,iN |ϕN,iN 〉, (75)
where EN,iN are the (real) eigenenergies of the system
Hamiltonian HQNMsys . Note that we order iN for a spe-
cific manifold N , such that EN,iN < EN,iN+1 for all iN .
Although |ϕN,iN 〉 are not eigenstates of the full Liouvil-
lians (Eq. (60)), they still reflect the effect of coupling
between the subsystems and, in contast to the full eigen-
states, constitute a orthonormal basis, which will later
be used for the definition of a projection operator.
Since the parameters of the hybrid system (cf. Tab. I)
indicate a regime well below the strong/ultrastrong55,56
(cf. subsection II A) coupling regime (gpc/pl  ωpl,pc),
each |ϕN,iN 〉 is approximately dominated by a single bare
state |npl, npc, l〉, as shown for N = 1 and N = 2
in Fig. 5. It is therefore instructive to rename the
eigenstates corresponding to the one-excitation mani-
fold (N = 1) as |ϕ1,1〉 = |ϕa〉 (similar to the upper
state |e〉), |ϕ1,2〉 = |ϕpc〉 and |ϕ1,3〉 = |ϕpl〉, and the
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eigenstates corresponding to the two-excitation mani-
fold (N = 2) as |ϕ2,1〉 = |ϕa−pc〉, |ϕ2,2〉 = |ϕpc−pc〉,
|ϕ2,3〉 = |ϕa−pl〉, |ϕ2,4〉 = |ϕpc−pl〉 and |ϕ2,5〉 = |ϕpl−pl〉,
respectively. Obviously, the vacuum state remains the
same, i.e., |ϕ0,1〉 = |0, 0, g〉 = |ϕvac〉.
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FIG. 6. (a) First (3-fold) and second (5-fold) rung of the
QNM-JC energy ladder with ωa aligned to the eigenfrequency
of the electromagnetic Hamiltonian Hem close to the PC mode
frequency: The solid lines show the real part of the com-
plex eigenenergies (N,iN ), while the grey area covers the
imaginary part and is bounded by Re(N,iN )± 0.2Im(N,iN ).
(b) Eigenenergies 1,2 and 2,2: The solid (lightblue dashed)
line shows the real part of the eigenenergies in the QNM-
JC model (phenomenological dissipative JC model), while the
grey (lightblue dashed) area reflects the imaginary part and
is bounded by Re(N,iN )±Im(N,iN ). Direct 2-photon transi-
tions via an external laser with frequency ωL(ω
′
L) are sketched.
Note, that in both subfigures, there is a sudden jump on the
energy axis from the first to second rung and that the scaling
is different in the upper and lower half.
The energies EN,iN are not eigenenergies of the full Li-
ouvillians (from Eq. (60),(61)), since the additional dis-
sipative terms add imaginary parts to EN,iN and shifts
the real parts due to coupling of the subsystems in the
coherent part. However, the complex eigenenergies N,iN
of the non-hermitian Hamiltonian
HQNMdiss = H
QNM
sys −iΓplA†plApl−iΓpcA†pcApc−i
γSE
2
σ+σ−,
(76)
yield a subset of the eigenenergies of the full Liouvillian
LQNM = HQNMsys + LQNMdiss (cf. Eq. (60)), excluding the
transition energies73. This holds also true in the case of
the phenomenological dissipative JC model, where, obvi-
ously, HQNMsys → H˜JCsys and Γpl(pc) → γpl(pc) in Eq. (76).
The complex eigenenergies N,iN for the first and sec-
ond rung are depicted in Fig. 6. We note, that the real
part of these energies are very similar in the QNM-JC
model and phenomenological dissipative JC model, al-
though the full energies for the latter are not shown.
However, the imaginary part of the eigenenergies, cor-
responding to the states dominated by the PC contribu-
tions, are very different (cf. Fig. 6, b), as is the case
for the bare rates Γpc and γpc (cf. Tab. I). We em-
phasize that this is a consequence of the symmetrization
of the QNM operators in the QNM-JC model (neces-
sary to construct Fock states), which yields symmetrized
mode parameters as linear combination of the input
QNM parameters, used by the phenomenological dissi-
pative JC model. Furthermore, the increase of the imag-
inary part in higher rungs (N > 1) is also different in
both models: While in the QNM-JC model, we calculate
Im(pc−pc) ≈ 3Im(pc), for the phenomenological dissi-
pative JC model, we find Im(pc−pc) ≈ 2Im(pc), which
can lead to major differences between both models with
respect to the response to an external laser in the higher
rungs of the energy ladder.
We note that, in the following, we will also adopt the
notation introduced above for the eigenstates of HQNMsys
(HJCsys) for N = 1, 2, to the complex eigenenergies, e.g.,
1,1 = a.
2. Steady-state probabilities and occupation numbers
Having discussed the eigenenergies and eigenstates of
the QNM-JC model and the phenomenological dissipa-
tive JC model without pump, we now apply an external
optical driving on the system, and simulate the full mas-
ter equations (Eq. (60-61)). In this situation, via external
pumping, few photon effects can be studied. We choose
a Rabi frequency of ΩL = 0.025|g˜pl| ∼ |gpc|, which is in a
excitation regime, where effects from the two-excitation
manifold of the JC ladder are visible (cf. App. D for dis-
cussion on excitation regimes) and we note, that g˜pl is
the TLS-plasmon coupling constant in the original QNM
basis using f˜pl.
Evaluating Eqs. (60) and (61) numerically, we now
analyse the (total) probability to find the system in a
0, 1 or 2-exitation (photon) state as well as the occupa-
tion numbers of the two QNMs and the TLS for t → ∞
(steady-state regime) as a function of laser frequency ωL,
so that we access the intrinsic quantum anharmonicities
of the higher rungs of the JC ladder. The quantities
of interest are the occupation numbers npl ≡ 〈A†plApl〉,
npc ≡ 〈A†pcApc〉 and na ≡ 〈σ+σ−〉 for the plasmon-like
mode, PC-like mode and TLS upper level |e〉, respec-
tively, as well as the probabilities P[N,i] = 〈Pˆ[N,i]〉 con-
nected to the projector
Pˆ[N,iN ] = |ϕN,iN 〉〈ϕN,iN |, (77)
on the iN -th eigenstate |ϕN,iN 〉 of HQNMsys (or HJCsys for
the phenomenological dissipative JC model). For N =
1, 2, we also adopt the notation introduced in the last
subsection for the probabilities, e.g., P[1,1] = Pa.
(i) One-excitation manifold.—First, we study the 1-
excitation manifold as well as the occupation numbers
and choose a laser frequency regime around the PC mode
frequency ωpc, where the most striking differences be-
tween the QNM-JC and the phenomenological dissipative
JC model are visible. As explained in the last subsec-
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tion, the 0-excitation manifold only contains the trivial
vacuum state |ϕvac〉 and the 1-excitation manifold yields
the three eigenstates |ϕa〉, |ϕpc〉 and |ϕpl〉.
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FIG. 7. Occupation numbers na, npc, npl and probabilities
Pa, Ppc, Ppl of the TLS (corresponding to upper level |e〉),
plasmon and PC-like mode in the steady state, obtained with
the QNM-JC model (solid) and phenomenological dissipa-
tive JC model (dashed) as functions of laser frequency ωL
around ωpc. The TLS frequency ~ωa = (2)em is aligned to the
eigenenergy of the full electromagnetic Hamiltonian Hem (ωpc
in the phenomenological dissipative JC model) and the TLS is
pumped with an external laser with Rabi frequency Ω ∼ gpc,
where gpc ∼ Γpc is the TLS-PC coupling constant (in the
intermediate photon-exciton coupling regime) and Γpc is the
PC mode decay rate (cf. Tab. I). Additionally, we show Ppc
for the QNM-JC model in the limit gem = 0 (dotted line), cf.
Eq. (55).
The results are shown in Fig. 7, and we start with the
analysis of Pa and na, corresponding to the probability
and occupation of the TLS-like upper level, respectively.
The peak heights of both quantities differ strongly in the
two different models: Whereas in the phenomenological
dissipative JC model, na < 10
−2, in the QNM-JC model
na ≈ 0.1, i.e. one order of magnitude larger. This is be-
cause of the stronger coupling (|g˜pc| ≈ 10|g˜pc|) between
the TLS and the PC like-mode and the larger depopu-
lation rates (γpc ≈ 10Γpc) of the PC-like states in the
phenomenological dissipative JC model. Quantitatively,
this difference is similar for Pa; however, Pa itself is much
smaller than na, which is consequence of |ϕa〉 being a lin-
ear combination of the bare states |1, 0, g〉, |0, 1, g〉 and
|0, 0, e〉, which leads to a reduction of the diagonal con-
tribution |0, 0, e〉〈0, 0, e| (cf. Fig. 5) in Pa.
Next we look at Ppl and npl, corresponding to the prob-
ability and occupation number of the plasmon-like mode,
respectively. The probability Ppl has a negligible value,
Ppl < 10
−3, for all values of ωL that we tried, which
is the case for both models. Furthermore, the occupa-
tion number npl of the plasmon-like mode is very small
(< 10−2) and also very similar in both models. The sim-
ilarity for the plasmon-like mode is a consequence of the
small differences in the plasmon decay rate (Γpl ≈ γpl)
and plasmon-TLS coupling constant (gpl ≈ g˜pl) before
and after symmetrization and diagonalization (see also
Tab. I). The small values are a consequence of the high
plasmon decay rates Γpl, γpl, which results in a fast de-
population of the plasmon-like states.
The most pronounced changes appear in Ppc and npc of
the PC-like mode. First, the peak of Ppc in the QNM-JC
model is slightly detuned to higher frequencies compared
to P˜pc of the phenomenological dissipative JC model.
This is a consequence of the small shift of the PC-like
frequency (ωpc) after symmetrization and diagonaliza-
tion (Ωpc). Second, the spectral width of the probability
and occupation number dynamics is much broader in the
case of the phenomenological dissipative JC model. This
is again a consequence of the width γpc of the PC-related
resonance of the phenomenological dissipative JC model
being about one order of magnitude broader compared
to the effective PC width Γpc of the QNM-JC model
(γpc ≈ 10Γpc). Therefore, the laser can effectively ex-
cite a much broader range of the first rung in the phe-
nomenological dissipative JC model ladder. Third, the
peak height of Ppc and npc between both models is com-
pletely different; Ppc is about one order of magnitude
larger than P˜pc, which means that the system has a 10
times larger probability to be in the state |ϕpc〉 in the
QNM-JC model. Of course, this is because of the fast
depopulation of the first rung in the phenomenological
dissipative JC model due to the large decay rates. Due
to the same reason, there is also a pronounced difference
in the peak height of npc.
There are two further interesting observations that are
connected to npc and n˜pc. First, in the phenomenological
dissipative JC model, n˜pc is nearly identical to P˜pc close
to ωpc, as shown in Fig. 7 (bottom, red and green dashed
curve). To explain this, we recall that
npc =
∑
kpl,kpc,i
kpc〈|kpc, kpc, i〉〈kpl, kpc, i|〉, (78)
and in the phenomenological dissipative JC model, we
observe that npc ≈ 〈|0, 1, g〉〈0, 1, g|〉 ≈ Ppc. In contrast,
in the QNM JC-model, npc is different to Ppc with respect
to height and peak position, indicating that higher rung
(N > 1) probabilities are also important here, as we will
show below. Second, an additional indicator for processes
on higher rungs in the QNM-JC model is a start of a
spectral hole burning process at the peak of Ppc, which
comes from higher photon probabilities with a smaller
laser excitation width.
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FIG. 8. Probabilities Pa−pc, Ppc−pc, Pa−pl corresponding to
the 2-excitation manifold in the steady state obtained with
the QNM-JC model (solid) and phenomenological dissipa-
tive JC model (dashed) as functions of laser frequency ωL
around the PC mode resonance ωpc. The TLS frequency
~ωa = (pc)em is aligned to the eigenenergy of the full elec-
tromagentic Hamiltonian Hem (ωpc in the phenomenological
dissipative JC model) and the TLS is pumped with an exter-
nal laser with Rabi frequency Ω ∼ gpc, where gpc ∼ Γpc is
the TLS-PC coupling constant (in the intermediate photon-
exciton coupling regime) and Γpc is the PC mode decay rate
(cf. Tab. I). We also show Ppc−pc for the QNM-JC model in
the limit gem = 0 (dotted line), cf. Eq. (55), and the occupa-
tion number npc normalized to the same height as 0.1Ppc−pc.
Note, that all other contributions corresponding to the two-
excitation manifold are negligible and not shown here.
(ii) Two-excitation manifold.—Next, we discuss the
probabilities as a function of laser frequency around the
PC mode frequency, connected to the 2-excitation man-
ifold of the QNM-JC and phenomenological dissipative
JC ladder, which consists of the five eigenstates: |ϕa−pc〉,
|ϕpc−pc〉, |ϕa−pl〉, |ϕpc−pl〉 and |ϕpl−pl〉. The dominant
probabilities with peak heights P > 0.001 are plotted
in Fig. 8 (Pa−pc, Ppc−pc, Pa−pl). All other contributions
(Ppl−pc, Ppl−pl) are not shown. We notice, that quantita-
tive differences of Pa−pc, Pa−pl between both models be-
have similar to the differences in Pa from the 1-excitation
manifold. However, in both models, these higher-rung
contributions are negligible compared to the 1-excitation
manifold contributions. Thus, below we concentrate on
Ppc−pc, which covers the most striking and interesting
differences.
We observe that Ppc−pc is roughly two order of mag-
nitude higher compared to P˜pc−pc, which constitutes a
much larger difference compared to the case of the one-
excitation manifold. This leads to a different ratio of the
maximum values R1−2 = max (P1,i) /max (P2,i) between
the one- and two-excitation regime: In the QNM-JC
model, we obtain R1−2 ≈ 2, while in the phenomenologi-
cal dissipative JC model, we obtain R1−2 ≈ 102. To help
explain this, we show the two photon resonance (2ωL)
close to the peak of the 2-photon probability PPC−PC
of the QNM-JC model in the eigenenergy diagram from
Fig. 6 (b), showing the eigenstates |ϕpc〉 and |ϕPC−PC〉:
In the QNM-JC model, ωL at the peak of PPC−PC is not
in the range of the PC-like eigenenergy Re(pc)±Im(pc).
However, the two photon resonance (2ωL) is located in
the range of the eigenenergy Re(pc−pc)±Im(pc−pc) cor-
responding to PC-like eigenenergy on the 2nd rung. This
means, that there is a direct population of the 2nd rung
in the QNM-JC model via a virtual state with smaller
energy compared to Re(pc)− Im(pc), leading to the rel-
ative high 2-photon probability. This is possible due to
the anharmonicity of the JC ladder, i.e., the transitions
Re(N+1,i)−Re(N,i) between different manifolds N and
N +1 depends on N due to the emitter-photon coupling.
Of course, this anharmonicity is present in both models,
the QNM-JC model and the phenomenological dissipa-
tive JC model, but takes a different value in the QNM-
JC model as a direct consequence of Hem not commut-
ing with the photon number operators. However, in the
phenomenological model, the widths of the eigenenergies
in the one-excitation manifold are much larger than the
difference Dpc ≡ |Re(pc−pc) − 2Re(pc)| of the transi-
tions, and thus, the first rung is already majorly excited
at ωL > ω
′
L and the probability of an indirect popula-
tion of the second rung via a virtual state is very small
(cf. Fig. 6, b). We note, that this effect in the QNM-JC
model is stable against a variation of ωa with respect to
the PC-mode frequency. Additionally, it is worth to note,
that the peak position of the occupation number npc is
nearly directly located at the peak of Ppc−pc (cf. Fig. 8).
We briefly summarize the analysis in this subsection:
For moderate pumping with respect to the PC-mode,
Ω ∼ gpc, the QNM-JC model exhibits a relatively high
probability to be in a 1 or 2 excitation state for the PC-
like mode (Ppc ∼ 0.4 and Ppc−pc ∼ 0.2), while the vac-
uum state |ϕvac〉 is surpressed, when the laser is tuned in
the regime of the PC-like cavity mode frequency. In con-
trast, in the phenomenological dissipative JC model, the
overall behavior of the resonance structure is similar, but
qualitative and quantitative differences are present: The
2-photon probability in the phenomenological dissipative
JC model is negligible over the inspected laser frequency
regime, caused by the larger decay rate γpc of the PC-like
mode. In particular, the maximum peak of the 2-photon
probability Ppc−pc close to the PC-like mode frequency,
is about two orders of magnitude smaller compared to the
peak of the QNM-JC model (cf. Fig. 8). This significant
difference between both models is caused by the presence
of the inter-mode coupling in the Hamiltonian, Eq. (55),
(the case gem → 0 is indicated by the dotted line in Fig. 7
and 8 (bottom)) and the shift of the PC decay rate (cf.
Eq. (63)), but not caused by the TLS-QNM coupling
renormalization: While in the phenomenological dissipa-
tive JC model the coupling constant g˜pc of the TLS to
the PC-like cavity mode is about one order of magnitude
larger (cf. Tab. I), the decay rate γpc of the PC-like mode
is also one order of magnitude larger, leading to the same
ratios of both quantities, i.e. |gµ|/(2Γµ) ∼ |g˜µ|/(2γµ), as
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discussed earlier.
Therefore, both models are in the intermediate light-
matter coupling regime, and the difference in the re-
sponse of the system to the external pump is mainly influ-
enced by the different PC decay rates and the intermode
coupling Hamiltonian with coupling gem. Thus, while
the system described on the basis of the phenomenologi-
cal dissipative JC model is (mainly) in the single-photon
regime, the system described by the QNM-JC model has
significant multiphoton properties. This shows, that the
phenomenological introduction of a two-mode parameter
set is not trivial in any way, since the input parame-
ter drastically change because of dissipation itself in the
course of deriving the QNM master equation, since de-
cay rates and coupling strength are not independent from
each other due to symmetrization (S) and diagonalization
(U(−)). Therefore phenomenological models can clearly
miss important features in the multiphoton regime.
It is important to stress that our QNM quantization
model can be used to predict new regimes in dissipative
quantum optics, since all parameters are calculated on
a solid foundation through the QNM eigenfunctions and
eigenvalues without any phenomenological approaches.
D. Intermediate light-electron coupling: Output
properties
Next, we analyse the impact of the off-diagonal QNM
coupling on experimental observables, represented by the
derived output electric fields, cp. Section II E. We focus
on correlation functions of the cavity output field, mea-
surable in specific detector setups. For this situation, a
detector (e.g., a lens which collects light over a wide an-
gle) is modelled as an intensity measurement device on a
far field surface S.
1. Output far field intensity
The first quantity of interest is the mean value of the
output intensity
Iout ≡ 20nBc
~
∑
i
∮
S
〈E(−)out,i(s)E(+)out,i(s)〉ss, (79)
where S is the detector surface and E(+)out,i is given as in
Eq. (52) (or Eq. (53)). Carrying out the surface integrals
by using the definition of the dissipation matrix Sradµη ,
and by recalling that the input state associated to, e.g.,
Ainµ , is chosen as the vacuum state, leads to the form (cf.
App. C)
I¯out =
∑
µ,µ′
Lµµ′〈A†µAµ′〉ss, (80)
where A
(†)
µ represent the annihilation (creation) operator
of the symmetrized and diagonalized QNM µ = pl,pc.
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FIG. 9. Output intensity function Iout measured on a sphere
in the far field as function of laser frequency ωL for the QNM-
JC model (solid) and the phenomenological dissipative JC
model (dashed) in the steady state with the TLS frequency
~ωa = (pc)em aligned to the eigenenergy of the full electroma-
gentic Hamiltonian Hem. The Rabi frequency of the external
pump is ΩL ∼ |gpc|, where the TLS-PC coupling is in the
intermediate couling regime, i.e., |gpc| ∼ Γpc (cf. Tab. I). The
lower plot shows a zoom-in close to the PC-mode frequency
ωpc. The quantities are normalized to max(I
out) from the
QNM-JC model.
Furthermore,
Lµη =
∑
µ′,µ′′
η′,η′′
U
(−)∗
µ′µ
(
S1/2
)
µ′µ′′
L˜µ′′η′′
(
S1/2
)
η′′η′
U
(−)
η′η ,
(81)
and
L˜µη =− 2i
ωµωη(ωµ − ω∗η)
ωµ + ωη
Sradηµ . (82)
Clearly the output coupling matrix Lµη is connected
to the radiative part of the QNM decay through the
dissipation-induced radiative coupling matrix Sradµη . In
contrast, in a phenomenological dissipative JC output
model, one assumes typically uncoupled output radia-
tion, where each mode is coupled out to the surround-
ing environment independently48,74. In the following, we
will compare the above formulas using the derived output
electric field with the output intensity in a phenomeno-
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logical dissipative JC model I˜out =
∑
µ I˜
out
µ with
I˜outµ ≡ 2ωµβrad(ωa)γµ〈α˜†µα˜µ〉, (83)
for the individual output intensities in the far field of the
QNMs µ = pc,pl and in the same units as Iout.
Note, that the factor βrad(ωa) was added phe-
nomenologiaclly as the radiative β factor of the hybrid
system at the TLS frequency (cf. Fig. 2, (circles) and
Fig. 4, (dashed line)). This is another ambiguity of the
phenomenological model, since there is no clear separa-
tion between radiative and non-radiative decay processes.
This is because in this case, Sµη is approximated as a
Kronecker-delta from the beginning and therefore, these
β factors have to be added phenomenologically. In fact,
taking the beta factors in a hybrid structure at certain
frequencies is a highly non-trivial choice, since βrad(ω)
changes drastically as a function of frequency close to
ωpc, as shown in Fig. 2 (bottom). This is usually a
sign for non-Markovian output characteristics. This fre-
quency dependent beta factor is captured (at least in the
bad cavity limit, where a comparison to a full Maxwell
solution is possible) by the specific form of Sradµη and S
nrad
µη
in the QNM-JC model. To underline the differences, we
show the different output intensities in the steady state
as function of the laser frequency ωL in Fig 9.
The peak height of Iout in the full QNM-JC model
at the PC frequency is roughly one order of magnitude
larger than in a phenomenological treatment using the
formulas in Eq. (83). Obviously, the output coupling is
drastically increased in the full QNM JC-model, when
the laser is tuned to the PC frequency regime and results
from the increase of the beta factor in the regime close to
the PC-like eigenfrequency. This has a major impact on
modelling of hybrid structures for nonlinear cavity-QED
experiments, since the phenomenological model (even if
the system master equation is fitted appropriately) highly
underestimates the output coupling.
2. Second-order quantum correlation functions
Next, we turn to the stationary normalized second-
order correlation functions g(2). For a detector as a
sphere S (as explained above), this correlation function
reads in general
g
(2)
out≡
∑
ij
∮
S
∮
S′〈E
(−)
out,i(s)E
(−)
out,j(s
′)E(+)out,j(s
′)E(+)out,i(s)〉ss[∑
i
∮
S〈E
(−)
out,i(s)E
(+)
out,i(s)〉ss
]2 ,
(84)
where again E
(+)
out,i is given as in Eq. (52) (or Eq. (53)).
Carrying out the surface integrals similar to Iout leads to
the form (cf. App. C)
g
(2)
out =
∑
µ′,µ′,η,η′ Lµµ′Lηη′〈A†µA†ηAη′Aµ′〉ss[∑
µ′,µ′ Lµµ′〈A†µAµ′〉ss
]2 , (85)
1.55 1.60 1.65 1.70 1.75 1.80
0.0
0.5
1.0
1.5
2.0
2.5
C
or
re
la
ti
o
n
fu
n
ct
io
n
s
I II III
g
(2)
out
g˜
(2)
out
g˜
(2)
pl
g˜
(2)
pc
1.580 1.585 1.590 1.595 1.600 1.605 1.610 1.615
h¯ωL (eV)
0.0
0.2
0.4
0.6
0.8
1.0
1.2
C
or
re
la
ti
o
n
fu
n
ct
io
n
s
I IIa IIb III
FIG. 10. Normalized second-order quantum correlation func-
tions in the steady-state regime for the plasmonic-like mode
(blue), photonic-crystal mode (green) and the output electric
field (magenta) for the QNM-JC model (solid) and the phe-
nomenological dissipative JC model (dashed) over laser fre-
quency ωL. Lower plot shows a zoom-in close to the PC-mode
frequency ωpc.
and Lµµ′ is given in Eq. (81).
For the phenomenological dissipative JC model, we
use the phenomenological second-order correlation out-
put function
g˜
(2)
out ≡
∑
µ,η ωµωηγµγη〈α˜†µα˜†ηα˜ηα˜µ〉ss[∑
µ ωµγµ〈α˜†µα˜µ〉ss
]2 , (86)
which is in line with the assumptions used to obtain I˜out
from Eq. (83). However, we note that in field of quan-
tum plasmonics and quantum optics, the second-order
correlation functions are often assumed to be
g˜(2)µ ≡
〈α˜†µα˜†µα˜µα˜µ〉ss
〈α˜†µα˜µ〉ss
, (87)
for the individual modes µ = pc,pl. We emphasize, that
the quantities in Eq. (87) are not observables, but can in
general be useful to characterize the emitter system prop-
erties, and are often used as if they were observables50,51.
In Fig. 10, we show the correlation functions g˜
(2)
pl , g˜
(2)
pc
and the output correlation functions g
(2)
out, g˜
(2)
out as func-
tions of the laser frequency ωL. For off-resonant pump-
ing, i.e., from ~ωL = 1.55 eV to ~ωL = 1.59 eV (sector I
of Fig. 10), both the system and the output correlation
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functions show anti-bunched character g(2)(0) < 1 of the
emitted light. In particular, the output correlation func-
tions g
(2)
out, g˜
(2)
out and the plasmon-like correlation function
g
(2)
pl are nearly identical to each other. This is expected,
since the hybrid is dominated in the frequency regime by
the plasmonic part of the two fundamental QNMs. How-
ever, close to the PC-like resonance of the hybrid, for ~ωL
in [1.59, 1.604] eV (sector IIb in Fig. 10), the light statis-
tics is differently predicted as bunched light g(2)(0) > 1
by the PC-system correlations, and not as anti-bunched
as shown by the emitted light through the full output
correlation g
(2)
out. Although the phenomenological output
function g˜
(2)
out shows also anti-bunched light, it still differs
slightly from g
(2)
out. The plasmon-like correlation function
shows also anti-bunched character in this laser regime,
even one order of magnitude below g
(2)
out.
Another interesting laser frequency regime is ~ωL ∈
[1.604, 1.608] eV (sector IIb in Fig. 10); here the phe-
nomenological output function g˜
(2)
out, Eq. (86), predicts
anti-bunched light while the full output correlation is
clearly above one, showing bunched light statistics. Fur-
thermore, both, g˜
(2)
pl and g˜
(2)
pc show anti-bunched char-
acter. Thus, only the result from QNM-JC model pre-
dicts bunched light in this small but important laser
regime. Between ~ωL = 1.608eV and ~ωL = 1.8eV
(sector III in Fig. 10), the light statistics is again erro-
neously predicted by the PC-like correlation as bunched
light. In addition, the phenomenological output function
g˜
(2)
out converges much faster to the plasmon-like correla-
tion function g˜
(2)
pl here. In a frequency regime towards the
plasmon-like frequency, the plasmon system correlations
become identical to both output correlations. Therefore,
the light statistics has changed considerably especially in
the regime close to the PC-like mode frequency ωpc.
To summarize this subsection, the PC-like correlation
function g˜
(2)
pc is not reliable to model the second-order
output correlations in the 2-mode hybrid system over the
whole laser excitation frequency regime under consider-
ation, although it seems to be the dominant part of the
TLS response to the electromagnetic field at the chosen
TLS frequency (cf. Fig. 3). On the other hand, at a laser
frequency regime sufficiently enough away from the PC-
mode frequency ωpc, the plasmon-like system correlation
function g˜
(2)
pc is a very good approximation to the out-
put correlation functions g˜
(2)
out, g
(2)
out, which is expected,
since the main coupling regime of the QNMs is near the
PC-mode resonance. Therefore, we can conclude, that in
dissipative resonator structures with at least two funda-
mental (overlapping) modes, the system correlation func-
tions do not reflect the actual quantum properties of the
emitted light (at least in the overlap regime), since the
output is formed by a linear combination of the coupled
modes, which depends on the dissipation and the radia-
tive and non-radiative properties of the system. Fur-
thermore, even if a β factor is added to the formulas of
a phenomenological dissipative JC model (Eq. (86), it
also cannot reproduce the light statistics correctly, since
there is an additional non-diagonal coupling in the out-
put quantities, induced by the off-diagonal mode coupling
through the symmetrization.
IV. CONCLUSIONS
We have presented a detailed extension of the QNM
quantum model from Ref. 40 by including external pump-
ing and by deriving an generalized input-output theory
for multiple QNMs. Explicit expressions for correlation
functions outside of the nanostructure were provided.
Furthermore, pronounced differences in the correlation
functions inside the system and at the outside detector
were found. We analysed the cavity-QED behaviour of
a metal-dielectric hybrid resonator coupled to a TLS in
the intermediate coupling regime. We compared our full
microscopic QNM model including mode coupling with a
phenomenological dissipative JC model. Significant qual-
itative and quantitative differences, induced by the inter-
mode coupling, were found between both models.
In the nonlinear pumping regime, we also studied the
response of the hybrid cavity system to an external laser
(in a excitation regime, that allows to study the two-
excitation manifold of the JC ladder), and we found
that the phenomenological dissipative JC model is mainly
in the single-photon regime, while the driven QNM-JC
model has multiphoton character. Thus the quantum
dissipation effects, that appear in the quantized QNM
model, induce higher-order correlations. This shows that
the inter-mode coupling, coming from the microscopic
QNM model, is crucial to include in the quantum master
equations.
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Appendix A: Input and output operators in the
Markov approximation
In this appendix, we provide a more detailed deriva-
tion of the quantum Langevin equation in the Markov
approximation, which is the basis for the QNM quantum
master equation, Eq. (27), and the generalized input-
output relations, Eq. (39). We start with the Heisenberg
equation of motion of the QNM operator aµ with respect
to the Hamiltonian H from Eqs. (1)-(3) and by using the
expansion of the medium-assisted electric field in QNMs
from Eq. (23),
a˙µ = −i
∫
dr
∫ ∞
0
dω ωLµ(r, ω) ·b(r, ω)− ig˜s∗µ σ−, (A1)
where g˜sµ is TLS-QNM coupling constant in the sym-
metrized basis, given below Eq. (25), and we have for-
mally introduced Lµ(r, ω) via
aµ =
∫ ∞
0
dω
∫
drLµ(r, ω) · b(r, ω), (A2)
which reads explicitly (by comparing with Eq. (18)),
Lµ(r, ω) =
∑
η
[
S−1/2
]
µη
√
ω
2piωη
√
ωI(r, ω)
ω˜η − ω f˜η(r),
(A3)
where f˜η(r) is replaced by F˜η(r, ω) for positions r outside
the resonator region. This can be viewed as a projection
of the b(r, ω) operators onto the QNM subspace. Next,
we define c(r, ω) as the orthogonal complement to aµ
using
b(r, ω) =
∑
µ
L∗µ(r, ω)aµ + c(r, ω). (A4)
This separation and resulting mapping of the full degrees
of freedom onto a small subspace is commonly done for
open quantum systems, as discussed in Ref. 75 or applied
to a similar system in Ref. 76. Using Eq. (A4) we can
rewrite Eq. (A1) as
a˙µ =− i
∑
µ′
[∫
dr
∫ ∞
0
dω ωLµ(r, ω) · L∗µ′(r, ω)
]
aµ′
− ig˜s∗µ σ− − i
∫
dr
∫ ∞
0
dω ωLµ(r, ω) · c(r, ω).
(A5)
Using Eq. (A3), we can further write
a˙µ =− i
∑
µ′
[∫
dr
∫ ∞
0
dω ωLµ(r, ω) · L∗µ′(r, ω)
]
aµ′
− ig˜s∗µ σ− − i
∑
η
[
S−1/2
]
µη
∫
dr
∫ ∞
0
dω
√
ω
2piωη
× ω − ω˜η + ω˜η
ω˜η − ω
√
ωI(r, ω)f˜η(r) · c(r, ω), (A6)
where we have added −ω˜η + ω˜η in the numerator. Next,
we separate the numerator into a term proportional to
ω − ω˜η and a term proportional to ω˜η:
a˙µ =− i
∑
µ′
[∫
dr
∫ ∞
0
dω ωLµ(r, ω) · L∗µ′(r, ω)
]
aµ′
− ig˜s∗µ σ− − i
∫
dr
∫ ∞
0
dω gµ(r, ω) · c(r, ω)
− i
∑
η,η′
[
S−1/2
]
µη
ω˜η
[
S1/2
]
ηη′
×
∫
dr
∫ ∞
0
dωLη′(r, ω) · c(r, ω), (A7)
where
gµ(r, ω) = −
∑
η
[
S−1/2
]
µη
√
ω
2piωη
√
ωI(r, ω)f˜η(r).
(A8)
Using the orthogonality relation∫
dr
∫ ∞
0
dω Lµ(r, ω) · c(r, ω) = 0, (A9)
which follows from Eq. (A4) in combination with
Eq. (A2) together with the orthonormality relation∫
dr
∫ ∞
0
dω Lµ(r, ω) · L∗µ′(r, ω) = δµµ′ (A10)
for all µ, µ′, we obtain then
a˙µ =− i
∑
µ′
[∫
dr
∫ ∞
0
dω ωLµ(r, ω) · L∗µ′(r, ω)
]
aµ′
− ig˜s∗µ σ− − i
∫
dr
∫ ∞
0
dω gµ(r, ω) · c(r, ω).
(A11)
In addition, it can be shown, that the Hamiltonian from
Eq. ((1)-(3)) can be recast into the form H = Hsys +
Hsys−r +Hr with
Hsys =~
∑
µ,µ′
[∫
dr
∫ ∞
0
dω ωLµ(r, ω) · L∗µ′(r, ω)
]
a†µaµ′
+Ha +HL +Hem−a, (A12)
Hsys−r =~
∑
µ
∫ ∞
0
dω
∫
drg∗µ(r, ω) · c†(r, ω)aµ + H.a.,
(A13)
Hr =~
∫ ∞
0
dω ω
∫
drc†(r, ω) · c(r, ω), (A14)
where HL and Hem−a are defined below Eq. (25).
Next, we apply three approximations to connect to the
Markovian quantum theory from Ref. 67 and the deriva-
tion of the QNM master equation from Ref. 40:
(i) We do a resonance approximation in the first term
20
of Eq. (A11),[∫
dr
∫ ∞
0
dω ωLµ(r, ω) · L∗µ′(r, ω)
]
=
∑
η,η′
[
S−1/2
]
µη
[∫ ∞
0
dω ωSηη′(ω)
] [
S−1/2
]
η′µ′
,
(A15)
where Sηη′(ω) is implicitly defined via Sηη′ =∫∞
0
dωSηη′(ω) from Eq. (19). Since Sηη′(ω) is dominated
by the poles at ω = ω˜η and ω = ω˜
∗
η′ , we can (approxi-
mately) apply the residue theorem (after separating the
poles via partial fraction) to get∑
η,η′
[
S−1/2
]
µη
[∫ ∞
0
dω ωSηη′(ω)
] [
S−1/2
]
η′µ′
≈
∑
η,η′
[
S−1/2
]
µη
[
1
2
(ω˜η + ω˜
∗
η′)Sηη′
] [
S−1/2
]
η′µ′
,
(A16)
which is precisely χ
(+)
µµ′ from Eq. (25).
(ii) We approximate c(r, ω) as bosonic operators, i.e.,
[ci(r, ω), c
†
j(r
′, ω′)]
= δijδ(r− r′)δ(ω − ω′)−
∑
µ
L∗µ,i(r, ω)Lµ,j(r
′, ω′)
≈ δijδ(r− r′)δ(ω − ω′). (A17)
This leads to the time evolution,
c(r, ω, t) =c(r, ω, t0)e
−iω(t−t0)
− i
∑
µ
g∗µ(r, ω)
∫ t
t0
dt′e−iω(t−t
′)aµ(t
′),
(A18)
with some fixed time t0 < t, i.e., the retarded solution.
Inserting Eq. (A18) into Eq. (A11) leads to
a˙µ =− i
∑
µ′
χ
(+)
µµ′aµ′ − ig˜s∗µ σ−
− i
∫
dr
∫ ∞
0
dω gµ(r, ω) · c(r, ω, t0)e−iω(t−t0)
−
∑
µ′
∫
dr
∫ ∞
0
dω gµ(r, ω) · g∗µ′(r, ω)
×
∫ t
t0
dt′e−iω(t−t
′)aµ′(t
′). (A19)
(iii) We apply a Markov approximation. To do so, we
look at∫
drgµ(r, ω) · g∗µ′(r, ω)
=
∑
η,η′
[
S−1/2
]
µη
∫
dr
ω2I(r, ω)f˜η(r) · f˜∗η′(r)
2pi
√
ωηωη′
[
S−1/2
]
η′µ′
=
1
2pi
∑
η,η′
[
S−1/2
]
µη
i(ω˜η − ω˜∗η′)
×
[∫
dr
ω2I(r, ω)f˜η(r) · f˜∗η′(r)
i(ω˜η − ω˜∗η′)
√
ωηωη′
] [
S−1/2
]
η′µ′
. (A20)
The relevant QNM frequencies in the system shall be en-
closed by a small frequency interval ∆ω (cf. App. E for
discussion), which is usually the case in quantum optics,
and is consistent with the rotating wave approximation
from subsection II A. Within a Markov approximation,
we then pull
∫
drgµ(r, ω) · g∗µ′(r, ω) out of ω-integral in
Eq. (A19) and evaluate it within the small frequency in-
terval ∆ω to get
a˙µ ≈− i
∑
µ′
χ
(+)
µµ′aµ′ − ig˜s∗µ σ−
− 2
∑
µ′
χ
(−)
µµ′
1
2pi
∫ ∞
0
dω
∫ t
t0
dt′e−iω(t−t
′)aµ′(t
′)
−
√
2
∑
µ′
[(
χ(−)
)1/2]
µµ′
ainµ′
=− i
∑
µ′
χ
(+)
µµ′aµ′ − ig˜s∗µ σ− −
∑
µ′
χ
(−)
µµ′aµ′
−
√
2
∑
µ′
[(
χ(−)
)1/2]
µµ′
ainµ′ , (A21)
where
χ
(−)
µµ′ =
∫
drgµ(r, ω) · g∗µ′(r, ω)
∣∣
∆ω
≈
∑
η,η′
[
S−1/2
]
µη
i(ω˜η − ω˜∗η′)Sηη′
[
S−1/2
]
η′µ′
,
(A22)
which is consistent with the approximation in (i) and
gives precisely the dissipation matrix from Eq. (25), and
ainµ =
i√
2
∑
µ′
[(
χ(−)
)−1/2]
µµ′
×
∫
dr
∫ ∞
0
dω gµ′(r, ω) · c(r, ω, t0)e−iω(t−t0)
(A23)
is the input operator with t0 < t in the Markov approx-
imation. Note, that in the second step of Eq. (A21), we
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have used67
1
2pi
∫ ∞
0
dω
∫ t
t0
dt′e−iω(t−t
′)aµ′(t
′)
≈
∫ t
t0
dt′δ(t− t′)aµ′(t′) = 1
2
aµ′(t), (A24)
where the approximation stems from extending the lower
border of the ω-integral from 0 to −∞, which is usually
applied in quantum optics (cf. Ref. 25). Furthermore,
the input operators ainµ fulfil the commutation relation[
ainµ , a
in†
µ′
]
≈ δµµ′δ(t− t′), (A25)
which follows from the same Markov approximation as
above. Eq. (A21) is now identical to the QLE in Eq. (25),
after evaluating the commutator −i[aµ, Hsys]/~ explicitly
in Eq. (25).
To obtain the output operators, we choose a fixed time
t1 > t in Eq. (A18), i.e., the advanced solution, to obtain
the time-reversed QLE67
a˙µ =− i
∑
µ′
χ
(+)
µµ′aµ′ − ig˜s∗µ σ− +
∑
µ′
χ
(−)
µµ′aµ′
−
√
2
∑
µ′
[(
χ(−)
)1/2]
µµ′
aoutµ′ , (A26)
where
aoutµ =
i√
2
∑
µ′
[(
χ(−)
)−1/2]
µµ′
×
∫
dr
∫ ∞
0
dω gµ′(r, ω) · c(r, ω, t1)e−iω(t−t1)
(A27)
are the output operators and the sign change in the third
term of Eq. (A26) is induced by change of time order
between t0 and t1 with respect to t:
1
2pi
∫ ∞
0
dω
∫ t
t1
dt′e−iω(t−t
′)aµ′(t
′)
≈
∫ t
t1
dt′δ(t− t′)aµ′(t′) = −1
2
aµ′(t). (A28)
Combining Eq. (A21) and Eq. (A26) then yields the
input-output relations from Eq. (39).
Appendix B: Parameters, quasinormal mode and
full Maxwell calculations for the hybrid cavity and
two-level system
In this appendix, we briefly report on the numerical
calculations of the hybrid structure in Fig. 1 and give
more details on the QNM and TLS parameters, as well
as the calculation of the classical Purcell factor and β-
factor.
To obtain the QNMs, a full three-dimensional Maxwell
model was used to simulate the hybrid structure. Here,
the dielectric constant of the plasmonic ellipsoid was
modelled with the local Drude model
(ω) = 1− ω
2
p
ω(ω + iγp)
, (B1)
with ~ωp = 8.2934 eV and ~γp = 0.0928 eV, while the PC
beam is modelled via a constant refractive index npc =
2pc = 2.04. We note that taking a constant permittivity
 6= 1 does not contradict with Kramers-Kronig relations
here, since in the special case of a few-mode expansion,
we restrict the ω-integration in the quantum model to
a finite interval (cf. App. E for details). Furthermore,
the hybrid is embedded in a lossless background medium
with B = 1. For a more detailed discussion on the QNM
calculation of the hybrid, cf. Ref. 63. We note that
non-local effects can be included in the calculation of the
QNMs21, but are negligible for the 2-nm gap sizes studied
here.
The classical Purcell factor F classp is defined via
F classp =
∮
Sdipole nˆ · Sdipole,total(r, ω)dA∮
Sdipole nˆ · Sdipole,background(r, ω)dA
, (B2)
where Sdipole is a small spherical surface (with radius
smaller then half of the gap width) surrounding the
dipole point and nˆ is a unit vector normal to Sdipole,
pointing outward. The vector S(r, ω) is the Poynting vec-
tor at Sdipole and the subscripts ‘total’ and ‘background’
represent the case with and without resonator. Further-
more, the classical radiative beta factor βradclass is defined
as
βradclass =
∮
SPML nˆ · SPML,total(rPML, ω)dA∮
Sdipole nˆ · Sdipole,total(r, ω)dA
, (B3)
where the surface SPML is the interface just before the
PML (perfectly matched layers), surrounding the res-
onator structure, and the vector SPML,total is the Poynt-
ing vector at SPML. We emphasize, that for decreasing
gap size, βradclass is very sensitive to the choice of the two
surfaces SPML and Sdipole, which can lead to an increased
numerical uncertainty of the βradclass calculations.
The two fundamental QNM (complex) eigenfrequen-
cies of the hybrid structure are calculated as ~ω˜pl =
1.6999 − 0.0479i (eV) originating from the metallic el-
lipsoidal dimer, and ~ω˜pc = 1.6052 − 0.0007i (eV), orig-
inating from the PC beam. The dipole projected QNM
eigenfunctions at the position of the z-polarized TLS (in
the center of the plasmonic ellipsoid) are calculated as
nd ·f˜pl(ra) = 1.8002·1012 m−3/2−4.6917i·1010 m−3/2 and
nd · f˜pc(ra) = 2.1079 · 1011 m−3/2 + 9.6228i · 1010 m−3/2,
where nd = ez. The elements of the intermode cou-
pling matrix S are determined as Spl,pl = 0.068 + 0.894,
Spc,pc = 0.134+0.904 and Spl,pc = (−0.0021−0.0024i)+
(−0.0042 − 0.0967i) with Spc,pl = S∗pl,pc, and where the
first and second entry denotes the non-radiative and ra-
diative part, respectively. Furthermore, we choose a
dipole moment of da = 10 Debye, which is in the range
of common values for quantum emitters in nano cavi-
22
ties72,77. The QNM calculations and derivation of in-
volving spatial integrals are performed with COMSOL78
and further details can be found in Ref. 63.
Appendix C: Derivation of Eq. (80) and (85)
We start with the surface integral expression in the
output intensity,
I¯out =
∮
S
dAs〈Eˆ(−)out,i(s)Eˆ(+)out,i(s)〉. (C1)
Inserting the expression from Eq. (53) into Eq. (C1) and
using the fact, that all normal-ordered expectation values
involving Ainµ vanish, we obtain
I¯out =
~
20nBc
∑
µ,η
Lµη〈A†µAη〉, (C2)
with
Lµη = 2nBc
√
ωµωη
√
ΓµΓη
∮
S
ZsU∗µ (s)·ZsUη (s)dAs. (C3)
Using the definition of ZsUη (s) from Eq. (54) in combina-
tion with Eq. (49), we arrive at
Lµη =nBc
∑
η′,η′′
∑
µ′,µ′′
√
ω′ηω′µ
(
S1/2
)
µ′′µ′
U
(−)∗
µµ′′
(
S1/2
)
η′η′′
× U (−)ηη′′
∮
S
F˜∗µ′′(s, ωµ′′) · F˜η′′(s, ωη′′)dAs. (C4)
Looking at the form of Sradµη in Eq. (22), and recognizing
that the frequency dependence is dominated by Lorentz
functions at the QNM frequencies and assuming that the
regularized QNMs F˜∗µ(s, ωµ) are constant over the fre-
quency regime that includes the relevant QNMs, we can
write
nBc
∮
S
F˜∗µ(s, ωµ) · F˜η(s, ωη)dAs ≈
2i(ω˜η − ω˜∗µ)
ωµ + ωη
Sradηµ .
(C5)
Inserting this approximate form into Eq. (C4) yields the
final form of Eq. (81).
Finally, we also define
Iout =
20nBc
~
I¯out, (C6)
to arrive at Eq. (80). The derivation of Eq. (85) can
be performed in the same manner upon using the above
arguments.
Appendix D: Discussion on excitation regimes
In Section III, we compared the QNM-JC model with
a phenomenological dissipative JC model, using the same
external laser Rabi frequency ΩL ∼ gpc, where gpc is the
coupling constant between the PC mode and the TLS
(cf. Tab. I). Assuming that the PC-mode is the main
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FIG. 11. The 1- and 2-excitation probability of the PC-like
eigenstate at the laser frequency of maximum probability peak
for the QNM-JC (solid) and phenomenological dissipative JC
model (dashed) over Rabi frequency ΩL. Lower plot shows the
same result as upper plot with scaled ΩL axis with g
eff
pc = g˜pc
for the phenomenological dissipative JC model and geffpc = gpc
for the QNM-JC model. ΩL = g
eff
pc signifies the intermediate
excitation regime. Both models have different intermediate
excitation regimes, since |g˜pc|/|gpc| ≈ 5.
coupling part for TLS frequencies near the PC-mode fre-
quency, Ω ∼ gpc ∼ Γpc indicates the intermediate cou-
pling regime. However, we emphasize, that the hybrid
system described by the phenomenological dissipative JC
model has a larger TLS-PC coupling compared to the
QNM-JC model, i.e., g˜pc ≈ 5gpc. Therefore the excita-
tion regimes are slightly different. Thus, another possi-
bility to compare both models would be to choose a Rabi
frequency, that scales with the different TLS-PC cou-
pling constants, i.e, choosing a different Rabi frequency
for the QNM-JC model and the phenomenological dissi-
pative JC model. To discuss the different ways of com-
parison, we show the peaks of the eigenstate probabilities
Ppc, Ppc−pc (discussed in subsection III C) as function
of ΩL in Fig. 11. In Fig. 11 (top), we show results for
the treatment of the Rabi frequency, which is used in
the main part, i.e. we choose the same external laser
strength for both models. In this case, the same hybrid
response completely different to an external laser in both
models. In contrast, in Fig. 11 (bottom), a treatment,
where the Rabi frequency scales with the different TLS-
PC coupling constants is shown: Here, the probabilities
are quiet similar, but a significant quantitative difference
23
is still present.
Appendix E: Discussion on the treatment of the
frequency integrals
Here we discuss the treatment of the frequency in-
tegrals in the QNM quantization. Using the QNM
Green function from Eq. (9) together with the regular-
ized QNMs (Eq. (13) or Eq. (14)), the positive-rotating
part of the total electric field operator from Eq. (5) reads
Eˆ(+)(r) =
∫ ∞
0
dω
∫
dr
i
0ω
GQNM(r, r
′, ω) · jˆN(r′, ω),
(E1)
where GQNM(r, r
′, ω) has the form from Eq. (9), and f˜µ is
replaced by the regularized QNM F˜µ for spatial positions
outside the resonator region. We next separate the fre-
quency integral in Eˆ
(+)
QNM(r) into two integrals, one over a
small frequency interval ∆ω of interest (e.g., the optical
regime), where few QNMs dominate, and the other over
the complementary interval R+/∆ω. We thus arrive at
the formal separation
Eˆ(+)(r) = Eˆ(+)(r)
∣∣
∆ω
+ Eˆ(+)(r)
∣∣
R+/∆ω
, (E2)
where in both contributions, the full sum of QNMs still
appears. However, we can approximate Eˆ
(+)
QNM(r)
∣∣
∆ω
, by
only using a subset D∆ω ∈ Z of QNMs, which are the
dominant contributions in ∆ω, for the expansion. The
resulting error of this approximation can be quantified
with the overlap of Aµ(ω), µ ∈ Z/D∆ω, into the fre-
quency interval ∆ω.
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